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Stabilization of sawteeth in tokamaks with toroidal flows
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Sheared toroidal flows with a magnitude of the order of the sound speed are shown to stabilize
sawteeth in tokamaks. In the absence of flows, tokamak equilibria in which the central safety factor
g is less than unity are unstable to resistive tearing mddesistive internal kink modeswith
toroidal mode numben= 1. As the ratioB of the plasma pressure to the magnetic field pressure
increases, the growth rate of tlre=1 mode rises because of the increasing pressure gradient.
However, the addition of a toroidal flow to the equilibrium has a stabilizing effect. As the magnitude
of the toroidal flow approaches the sound speednthé resistive tearing mode can be completely
stabilized by the flow, eliminating sawteeth. D02 American Institute of Physics.
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I. INTRODUCTION sawteeth are stabilized. This observation is at odds with the-
oretical results which predict that current profiles wih

The maximum temperature in tokamak experiments is<1 are unstabld-® This discrepancy between the experi-
often limited by the occurrence of sawteéthDuring a dis-  mental observations and the theoretical MHD results has
charge with sawteeth, there is a rapid, fractional drop in thegrompted the creation of new models which attempt to ex-
central temperature, followed by a slower increase as thelain this unexpected stability wheg<1. Explanations
temperature recovers. This process then repeats periodicallyased upon energetic trapped partici@sand flattened cur-
The resulting time trace of the central temperature resemblaent gradients with zero magnetic shear atdghkel resonant
sawteeth. Kadomtsev proposed a model of sawle#th surfacé! have been proposed.
which Ohmic heating causes the slow rise in the central tem-  These previous calculations of MHD stability of current
perature and, consequently, a reduction in the plasma resiprofiles withgqg<<1 neglected the effect of plasma flows. In
tivity #». In response to the improvement in the conductivity,slab geometry, plasma flows have been shown to have a sta-
the central current density, increases, driving the safety bilizing influence on tearing modé$-**In an earlier papér
factorq0~‘]51 at the center below unity. Magnetohydrody- we studied the effect of a shear poloidal flow on the stability
namic (MHD) analyses of current profiles witlj,<<1 have of then=1 resistive internal kinKtearing mode in current
demonstrated that such profiles are unstable to resistive tegsrofiles withgy<1. We demonstrated that a sheared poloidal
ing (resistive internal kinkmode perturbations with toroidal flow can stabilize the resistive internal kink mode even
mode numben=13* In Kadomtsev’s model, the resulting thoughgy<1. Then=1 mode is stable when the local gra-
instability reconnects the reversed helical magnetic fieldjient|dw(r)/dr|r:rl in the poloidal rotation frequenay(r)
lines around the resonant surface wherel, raisingq  at the radius ; of theq=1 resonant surface is larger than the
above unity everywhere. At the same time, the temperature #cal gradientde(r)/dr|r=rl in the shear Alfve frequency
the center of the discharge decreases as some of the e”er«QX(r)=kH(r)VA:
contained in the center is expelled outwards. In Kadomtsev's
model, this entire process then repeats as the central tempera-
ture slowly rises again because of Ohmic heating, resulting
in a series of periodic sawteeth in the central temperature.
Numerical simulations of the MHD equations by Sykes and
Wesson confirmed that magnetic field lines are reconnected
at theq=1 resonant surface by the resistive tearing modeHere k,(r)=R™[1—1/q(r)] is the wave number parallel to
Dentonet al® then succeeded in numerically reproducing thethe magnetic fieldy ,= (be/47-rpm) is the Alfven speedr is
entire time trace of the periodic sawteeth seen in tokamakhe minor radius of the toruR is the major radius of the
experiments. torus, B, is the toroidal magnetic field, angl, is the mass

However, some of the features of Kadomtsev’s modeldensity of the plasma. The local gradient in the shear Alfve
are not in accord with the experimental observations. Sawfrequency is dominated by the shear in the magnetic field.
teeth can be eliminated in experiments with the use of auxTherefore, then=1 mode is stable when the local shear in
iliary heating methods (ion cyclotron resonance heating the poloidal flow at thej=1 resonant surface is larger than
and/or neutral beam heatingr by externally applied reso- the local shear in the magnetic field. This stability criterion
nant magnetic perturbatioismportantly, measurements of does not at all depend on the magnitude of the plasma resis-
the magnetic field profile in these experiments indicate thativity » or on the global details of the profiles of the rotation
go remains below unity during the entire period over whichfrequency and the current. Subsequently, toroidal flows have
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been shown to have a stabilizing influence on the ideal ( Alfvén time ry=alv, with v, the Alfven speed, the resis-
=0) internal kink mode in a large aspect ratio totbid’ tivity 77:8_1 where the Lundquist numb&=r, /1, is the
In our earlier research on poloidal flow stabilization of ratio of the resistive diffusion time, to the Alfven time, and
sawteetH? we considered a lovg plasma, wheres is the  the sound speed.=T. In our simulations we consider a
ratio of the plasma pressuReto the magnetic field pressure torus with aspect ratih=R,/a=3, whereR, is the major

BZ/8, in periodic cylindrical geometry. The plasma dynam-radius of the torus. The magnetic field in toroidal geometry
ics were described by the reduced MHD equations in whicltan be written in the form

the plasma pressure is neglected. In this paper we investigate . .
the effect of a toroidal flow on sawtooth stability for a finite B=VyXs/R+B,¢, (6)

A plasma in toroidal geometry. The plasma dynamics arGyherey is the poloidal magnetic flux and is a unit vector
described by the fully compressible resistive MHD equa-; theidirectign g é

tions, including an evolution equation for the plasma tem- Axisymmetric equilibria, independent of the toroidal

perature. When the magnitude of the toroidal flow ap'angleqs, are obtained from Eqg2)—(5) by neglecting the

proaches the sound spegd, the res“'t'T‘g cent_nfugal forcf‘?me derivatives and the dissipative terms. In equilibrium, the
becomes large enough to impact the toroidal equilibrium. W

find that sheared toroidal flows with a magnitude of the orde?mat force in the momentum equatiés) must be zero:
of the sound speed can completely stabilize kel mode —VP+JIXB+ Ifzpmvfb/R=0, (7)

in tokamaks withgy<1. In the absence of flows, the growth ) o ) ) .

rate of then=1 mode rises ag increases because of the WhereV is the equilibrium toroidal flow velocity ani is a
increasing pressure gradient. However, the addition of a tofdnit vector in theR direction. !n addition to the usual force
oidal flow to the equilibrium has a stabilizing effect. As the caused by the pressure gradient and the LorénB force,
magnitude of the flow approaches the sound speednthe there is an additional centrifugal force outward in the major

—1 mode can be completely stabilized, eliminating saw-"adius because of the toroidal flow. o
teeth. The rapid transport of energy along the magnetic field

The rest of this paper is organized as follows. The equal_ines forces the equilibrium temperature to be uniform along
tions that form the basis of our numerical calculations aréh€ equilibrium magnetic field line®-VT=0. With expres-
presented in Sec. I, and the effect of a toroidal flow onSion (6) for the magnetic field, it is easy to show that this
tokamak equilibrium is described. The effect of increasing condition is satisfied if the temperature is a functiofy) of
on the stability of then=1 mode in flow free tokamaks is the fluxy. o
considered in Sec. Il In Sec. IV we investigate the stability ~ From Eq.(2) for the magnetic field, we see that the
of tokamak equilibria with toroidal flows. The effect of an toroidal flow V, will alter the equilibrium magnetic field
increasing toroidal flow on the growth rate and mode strucunless the flow satisfies the equatfoX(V ,¢XB) = 0. With
ture of then=1 mode is presented. The results are summagexpression(6) for the magnetic field, it is straightforward to
rized in Sec. V. show that the equilibrium magnetic field will not be altered

by the flow if V, is given by the product of the major radius

R and an arbitrary functiori(¢) of the flux . It is conve-
[l. TOROIDAL EQUILIBRIA WITH TOROIDAL FLOWS nient to takef () to be proportional to the sound speed

Our numerical simulations of sawtooth stability in toka- — VT(#). Then we writeV, in the form
maks are based on the resistive MHD equations for the mag-

KS - R
netic fieldB, the mass velocity, the temperatur&, and the V=M —T(¥), (8
mass density,: Raxis
IBlot=VX(VXB)+ 7V2B (2) where R,,is is the position of the magnetic axis in major
' radius and the Mach numbé/ is the ratio of the toroidal
dUl gt+V-(VU)=IXB—VP+ uV3U, (3 flow velocity to the sound speed:
8T/z9t+V'VT— V”KHV”T: 0, (4) R
Vylce=M—. 9)
dpmlt+V-U—DV?p, =0, 5) Raxis
where the parallel gradie,=b-V with b=B/|B|, the mo- The mass density,, is determined by the force balance

mentum densityJ=p,,V, the pressur®=p..T, the current equation(7) together with expressiof8) for V. Let us take
J=VXB, andV-(VU)=V-VU+(V-V)U, for a plasma with  pm to be a function of the major radil&so that the pressure
resistivity 7, viscosity u, parallel thermal conductivit,,  P(R,#)=pm(R)T(¢). Then the component of the force bal-
and diffusion coefficienD. Equations(1)—(4) are solved in ~ance equatioli7) parallel to the magnetic field can be written
toroidal geometry R, ¢,z), whereR is the major radial co- as

ordinate of the torusg is the toroidal angle, and is the d

vertical distance along the axis of the torus, with a square d—Rpm=pmM ?RIR% . (10
conducting wall of half-widtha in the poloidal plane. The

equations are given in normalized ufti which distances Equation(10) can be integrated to give the equilibrium mass
in Randz are normalized t@, the timet is normalized to the density
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FIG. 2. Growth rate vg3 in a flow free plasma. The growth rateof the
2 n=1 mode in a flow free toroidal plasma is plotted as a functiog.ofThe
L (b) simulation results are given by the closed circles.

=1%, whereP,, is the pressure at the magnetic axis &g
is the toroidal magnetic field at the magnetic axis. The
L profile through the midplane of the torus is shown in Fig.
1(b). The minimum value ofg at the magnetic axis ig
- =0.95. In order to eliminate any possible resonances with an
: n=1 perturbation other than thgg=1 resonance, the current
profile is chosen such that<2 everywhere in the plasma.
2 3 4 The stability of an equilibrium with a toroidal flow to a
R sawtooth perturbation with toroidal mode number1 is
FIG. 1. Equilibrium with a sound speed toroidal flol&) The toroidal flow obtained by linearizing the MHD equatiof®—(5) about the
V, (solid ﬁne) and the pressure (d:fshed lingare plotted as a function of equilibrium, with all perturbed quantities varying with toroi-

the major radius through the midplane of the torug+0) for a plasma 9@l angle_¢ ase ". The I|near|_zed equations are solved on
with 8= 1%. (b) The safety factoq is plotted as a function dkthroughthe & Cartesian grid ifR andz Spatial derivatives are evaluated

midplane ¢=0). For reference, a line with=1 is also plotted. to fourth order in the grid spacing (Ref. 19, while time
stepping is second-order accurate in the time dtepvith a
leap frog trapezoidal schem®The equations are numeri-

1 R \?2 cally integrated in time until a time-asymptotic state is
Pm= exp( EM 2| — = 11 ) ) (12) reached in which the perturbed magnetic and kinetic energies
Raxis vary in time aee®”!, wherey is the growth(or damping rate

By specifying the fluxy, the temperaturd(y) as a of the n=1 sawtooth mode. Unless otherwise stated, the
function of ¢, andV, and p,, as a function of the Mach transport coefficients;= u=D=3X 10°, and the parallel
numberM through Egs(8) and(11), respectively, we ensure thermal conductionq,=1.
that the component of the force parallel to the magnetic field
is zero in equilibrium. Howev.er, .the pompoqent of the forcem_ SAWTOOTH STABILITY IN FLOW FREE FINITE 8
perpendicular to the magnetic field is not, in general, Zer0T R OIDAL PLASMAS
We obtain an axisymmetric equilibrium dynamically by solv-
ing the two-dimensional component of the MHD equations  Before investigating the effect of toroidal flows on the
for the magnetic field2) and the momentunB) in the po-  stability of sawteeth, we first consider the effect of finite
loidal plane R,z). The net force on the plasma perpendicu-(nonzerg plasma pressure on sawtooth stability in flow-free
lar to the magnetic field generates a mass flow which altersoroidal plasmas. Figure 2 is a plot of the growth ratef an
the magnetic field and, hence, the fliix The temperature is n=1 perturbation as a function ¢ in a flow-free plasma
then determined through the functional foidy), and the (M =0) with q;=0.95. When the plasma pressure is zero
toroidal flow and the mass density are determined from Eqq,8=0), the equilibrium current gradient is the only source
(8) and(11), respectively. With the resistivity=0, but with  of free energy that can drive instabilities. In this current pro-
a nonzero viscosity, the system relaxes into an equilibrium file with go<1, an n=1 perturbation is unstable with a
in which the force balance equati¢n is satisfied. The small growth ratey=3.5X 10‘47;1. As B increases in magnitude
residual flow is damped away by the viscosity. from zero, the plasma pressure is no longer negligible and

An example of an equilibrium with a sound speed toroi-the growth rate of the perturbation increases monotonically
dal flow (M =1) is shown in Fig. 1. Figure(d) is a plot of with 8. When B reaches 1%, the growth ratg=8
the toroidal flowV,, (solid line) and the pressur (dashed X 10‘47;1, more than twice as large as the growth rate in a
line) as a function of the major radiuR through the mid- pressureless plasma wifp=0. The plasma pressure is the
plane of the torusZ=0) for a plasma with,£~,’=2P0/B$)0 dominant source of free energy wh@ms=1%.
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R FIG. 4. Growth rate vs flow speed. The growth ratef then=1 mode in
a toroidal plasma wittB= 1% is plotted as a function of the Mach number
M of the toroidal flow. The simulation results are given by the closed circles.

of the mode by about 15% compared to the growth rate in a
flow-free plasma. As the magnitude of the toroidal flow in-
creases, the growth rate of tihe=1 mode continues to de-
crease. When the toroidal flow speed increases to four-tenths
of the sound speed, the growth rate is five times smaller than
the growth rate in a flow-free plasma. The mode is com-
pletely stabilized by the toroidal flow when the flow speed
increases to one-half of the sound speed. And the mode re-
mains stable as the flow speed increases to the sound speed.
The change in the structure of tre=1 mode as the
R toroidal flow velocity increases is displayed in Fig. 5. Figure

I . 5 is a plot of the real part of the pressure perturbation in the
FIG. 3. Mode structure with increasing. The real part of the pressure loidal ol Wh th itud f the t idal fl .
perturbation of then=1 mode is plotted in the poloidal plan&z) for B poloidal plane. én thé magnitude o € toroidal Tlow Is

=(a) 0 and(b) 1%. The light area is the region where the pressure pertur-20% Of the sound speg#ig. 5(@)], the pressure perturbation

bation is positive, while the region of negative perturbed pressure is dark.consists of two lobes as in the flow free céBeay. 3(b)], but

the lobes are now twisted in the poloidal plane by the toroi-

dal flow. The twisted lobes rotate in the poloidal plane
round the magnetic axis. Since the structure of rikel

ﬁmde is resonant with the pitch of the helical magnetic field

nes at theg=1 magnetic flux surface, the shear in the tor-

2 3

[IsN

The effect of finite on the structure of the growing
pressure perturbation is shown in Fig. 3. Figure 3 is a plot o
the real part of the pressure perturbation in the poloidal planﬁ

(R.z) when 5=(a) 0 and(b) 1%. The light area is the oidal flow twists and shears the mode in the poloidal plane.

region where the pressure perturbation is positive, while th%\s the magnitude of the toroidal flow velocity increases, the
region of negative perturbed pressure is dark. In both Cas88pas are twisted to an increasing extdfig. 5(b) M,

the perturbation consists of two lobes. There is one lobe in_ 0.4] until then=1 mode is completely stabilizefFig.
which the pressure perturbation is positive and one lobe i (©), M=0.5]

which it is negative, so that the perturbation is proportional " o
to sin(@+«) where 6 is the poloidal angle ane is an arbi-
trary phase shift. Whe=0 the perturbation is localized
around the flux surface wheige=1, while wheng is large
the perturbation extends inward from the 1 surface to the
magnetic axis.

The results in Fig. 4 describe the stabilizing influence of
a toroidal flow on then=1 resistive kink mode in a plasma
with transport coefficients)=u=D=3x10°. The effect
on stability of reducing the magnitude of the transport coef-
ficients is shown in Fig. 6. The solid curve Fig. 6 is a plot of
the growth ratey of ann= 1 perturbation as a function of the
Mach numbem of the toroidal flow, for a plasma equilib-
:;I/;OSJVAéBlLEAT'ON OF SAWTEETH BY TOROIDAL rium identical to that used in Fig. 4 except that u=D

=2x10 5. As a comparison, the stability curve in Fig. 4 for

Consider now the effect of a toroidal flow on the stabil- =u=D=3x10"° is redrawn as the dashed line in Fig. 6.
ity of then=1 mode in a toroidal plasma with central safety For a flow free plasmaN =0), the growth rate increases
factor go<1. Figure 4 is a plot of the growth ratg of an  from y=8.1x10"% when »=u=D=3x10""° to y=9.4
n=1 perturbation as a function of the Mach numbeofthe =~ X 10 * wheny=u=D=2x10"°. We have further reduced
toroidal flow, for a toroidal equilibrium withgy=0.95 and the magnitude of the transport coefficients in a flow free
B=1%. The results shown in Fig. 4 demonstrate that theplasma and find that the grow rate reaches a maximum value
flow has a stabilizing effect on the=1 mode. A toroidal of y=1.2x10"2 when y=u=D=5x10"°. As the mag-
flow of one-tenth of the sound speed reduces the growth rateitude of the transport coefficients is reduced below
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2 3 4

FIG. 6. Transport coefficients. The growth rageof the n=1 mode in a
toroidal plasma withB=1% is plotted as a function of the Mach numibér
of the toroidal flow wheny=u=D=2x10"° (solid curvé and 5=pu
=D=3X10"% (dashed curye The simulation results are given by the
circles.

M=0.4

magnitude of the toroidal flow in Fig. 6 increases whegn
=u=D=2X10°, the growth rate of thev=1 mode de-
creases. However, because the flow free growth rate when
n=pn=D=2%x10"" is a little larger than whem=u=D

=3X 10 °, the magnitude of the toroidal flow required for
complete stabilization is a little larger.

N
w
S

V. SUMMARY

Sheared toroidal flows have a stabilizing influence on
n=1 sawteeth in finitg3 tokamaks. As the magnitude of the
toroidal flow increases in a tokamak plasma wdttr 1, the
growth rate of then=1 mode decreases. When the magni-
tude of the toroidal flow approaches the sound speed, the
mode can be stabilized even though the safety fagtsdess
than unity. The flow twists and shears the mode over small
scale lengths that are limited by the magnitude of the trans-
port coefficients. The magnitude of the transport coefficients
(resistivity and viscosity used in the simulations must be
F:eeésﬁ} eMOeC:‘t?urSé;l:ggfifVﬁ: irf;ﬁggisf'o‘/l‘étfgﬁg- t;ze Lﬁgi'dg?ftlg:lghelarge enough to resolve these small scale lengths. Because of
?R,z) for I\IA)ach numbeM=(a) 0.2,(b) 0.4, an%(c) 0.5. The Iigpht area igthe the finite ”“mbef O.f .g”d points ”? the .SImUIatlc.mS’ the. mag-
region where the pressure perturbation is positive, while the region of negan'tUde of the resistivity and the viscosity used in the simula-
tive perturbed pressure is dark. tions is much larger than those at the center of a hot tokamak

with central Lundquist numbe®~ 10°. However, since the

flow free growth rate of thex=1 mode is smaller at very
5x 10 ®, the growth rate of thee=1 mode decreases. An small 5, the magnitude of the toroidal flow required for sta-
analogous behavior has been observed in the stability of teabilization of sawteeth is likely even smaller than that found
ing modes in a cylindrical plasnfaAs 7 increases in mag- in our simulations at large;. The simulations demonstrate
nitude from zero, the growth ratg of tearing modes in- that, in addition to the current and pressure profiles, the tor-
creases reaching a maximum valyg at somezy. As »  oidal velocity profile must be included in sawtooth stability
increases beyond,, the growth rate decreases. For smallanalyses of tokamaks.
n<mg, the equilibrium current is nearly constant over the  The transport coefficients in our simulations are compa-
narrow resistive current layer around the resonant surface afble to those in colder tokamaks like the COMPASS-C
the tearing mode, and the growth rate of the tearing modéokamak® Sawteeth have been stabilized in experiments on
scales asp®®. However, wheny> 7, the resonant current the COMPASS-C tokamak utilizing externally applied reso-
layer is broader and the equilibrium current varies signifi-nant magnetic perturbatiofisn these experiments, a mag-
cantly within the layer. The growth rate then decreases witmetic perturbation with poloidal mode numher=2 and to-
increasing». In our toroidaln=1 simulations, the equilib- roidal mode numben=1 is applied to a tokamak plasma.
rium pressure and current profiles vary across the resonafihe resonant magnetic perturbation brings the plasma to rest
layer around theyj=1 surface unlesg is very small. As the at theq=2 flux surface, producing a large increase in the

M=0.5 =

2 3

=N

R
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