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Toroidal flow stablization of disruptive high b tokamaks
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Disruptive highb tokamak plasmas can be stabilized by the addition of a sheared toroidal flow.
Nonlinear simulations demonstrate that confinement in flow-free highb tokamaks is rapidly
destroyed by growing fingers of hot plasma that jet out from the center of the discharge to the wall.
The added toroidal flow eliminates the growing fingers, maintaining confinement. Asb increases
further, the toroidal flow becomes less effective at maintaining a stable plasma. But a sound speed
toroidal flow increases the critical value ofb below which confinement is maintained without
disruptions. ©2002 American Institute of Physics.@DOI: 10.1063/1.1475682#
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I. INTRODUCTION

The fusion of light nuclei in a magnetically confine
tokamak plasma provides a potentially unlimited source
energy. Since the rate at which the nuclei fuse is proportio
to the square of the number density of nuclei, it is desira
to operate a fusion reactor at high density. However,
amount of thermal energy that can been stably confine
the center of tokamak discharges is limited by disruptio
When the ratiob of the plasma thermal energy to the ma
netic field energy exceeds a critical valuebcrit , then there is
an abrupt, catastrophic loss of confinement on a time sca
the order of 100ms.1

Our magnetohydrodynamic~MHD! simulations of
tokamaks2 have demonstrated that tokamaks at highb are
unstable to a spectrum of ballooning modes with toroi
mode numbern that grow on the pressure gradient on t
largeR side of the magnetic axis, whereR is the major radial
coordinate in toroidal geometry. Nonlinearly, the ballooni
mode convection cells generate ridges of hot plasma
valleys of cold plasma that extend toroidally along the o
side of the torus.3,4 When projected onto a two-dimension
plane, these ridges and valleys have the appearance o
gers. The rate at which these fingers grow and transport
ergy is proportional to the magnitude ofb. At lower b the
fingers grow more slowly and are halted nonlinearly by
self-generated axisymmetric flow,3 and confinement is main
tained. But at higherb the fingers grow too rapidly to be
affected by the axisymmetric flow, and the fingers of h
plasma rapidly convect across the magnetic field lines fr
the center of the discharge to the wall, thereby destroy
confinement.2–4 Simultaneously, fingers of cold edge plasm
are injected across the magnetic field lines into the cente
the discharge. Importantly, the rate at which energy is tra
ported to the wall by the fingers is independent of the m
nitude of the resistivityh.4 As h is reduced in magnitude, th
number of fingers increases, with the width of each in
vidual finger becoming more narrow. But these more num
ous, narrower fingers at lowerh transport energy at the sam
rate as the wider fingers at higherh. Because of the increas
ingly fine scale fingers generated ash is decreased, the tim
scale for diffusion of the magnetic field across the fingers
2651070-664X/2002/9(6)/2655/7/$19.00
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independent of the magnitude of the resistivity.4 As a conse-
quence, the magnetic field lines are decoupled from
plasma fingers~not ‘‘frozen-in’’ ! even ash approaches zero
The limit of resistive MHD ash→0 is not the same as idea
MHD with h[0.

Because of the disastrous consequences that these g
ing fingers have on tokamak energy confinement at highb, it
is important to investigate potential mechanisms that m
ameliorate their effect. Sheared flows are one such poss
stabilizing mechanism. Sheared toroidal flows have b
found to have a stabilizing influence on the local linear id
MHD stability of ballooning modes with toroidal mode num
ber n→`.5–8 Since the nonlinear ridges and fingers in o
toroidal simulations balloon on the pressure gradient on
largeR side of the torus, a sheared toroidal flow may act
oppose their growth.

In this paper we investigate the effect of a sheared
oidal flow on the nonlinear evolution of the fingers that d
stroy confinement at highb. Our nonlinear MHD simulations
of tokamaks with toroidal flows demonstrate that~1! sheared
toroidal flows have a stabilizing effect on highb tokamaks.
The flow can stabilize an otherwise disruptive plasma, ma
taining confinement.~2! Sound speed toroidal flows increas
the critical value ofb below which confinement is main
tained without disruptions.~3! For slow flows the fingers are
still unstable. However, they grow much more slowly than
a flow-free plasma. The fingers no longer balloon out tow
the wall at largeR, but instead rotate about the magne
axis. Energy slowly spirals out to the wall on a much long
time scale than in a flow-free plasma.~4! As b increases
further, the fingers become more difficult to control. T
Mach number of the toroidal flow must be increased asb is
increased in order to maintain confinement.~5! As the mag-
nitude of the transport coefficients~resistivity h and viscos-
ity m! is decreased, the toroidal flow becomes more stab
ing. The toroidal flow is more effective at maintainin
confinement when the Lundquist numberS is large.

The rest of this paper is organized as follows. Equil
rium in a torus with toroidal flows is considered in Sec.
The equations used in the simulations are presented and
numerical procedure used to solve these equations is
lined. As a baseline, in Sec. III we present the results
5 © 2002 American Institute of Physics
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simulations of flow-free highb tokamaks. The effect of a
toroidal flow on the nonlinear stability of highb tokamak
plasmas is presented in Sec. IV. The effect of varying
Mach numberM , the plasma pressureb, and the transpor
coefficients is investigated. We discuss our results in Sec

II. TOROIDAL EQUILIBRIA WITH TOROIDAL FLOWS

Our numerical simulations of nonlinear stability in tok
maks with toroidal flows are based on the resistive MH
equations for the magnetic fieldB, the mass velocityV, the
temperatureT, and the mass densityrm :

]B/]t5“3~V3B!1h“2B1“3E0 , ~1!

]U/]t1“•~VU!5J3B2“P1m“

2U1Sff̂, ~2!

]T/]t1V•“T2“ik i“iT50, ~3!

]rm /]t1“•U2D“

2rm5Srm
, ~4!

where the parallel gradient“i5b̂•“ with b̂5B/uBu, the mo-
mentum densityU5rmV, the pressureP5rmT, and the cur-
rent J5“3B, for a plasma with resistivityh, viscositym,
parallel thermal conductivityk i , and diffusion coefficientD.
The external electric fieldE0 maintains the poloidal mag
netic field against resistive diffusion, and the sourcesSf and
Srm

maintain the toroidal flow and the mass density aga
transport losses. Equations~1!–~4! are solved in toroidal ge
ometry (R,f,z), whereR is the major radial coordinate o
the torus,f is the toroidal angle, andz is the vertical dis-
tance along the axis of the torus. The equations are give
normalized units9 in which distances inR andz are normal-
ized to a scale lengtha, the velocityV is normalized to the
Alfvén speedvA , the timet is normalized to the Alfve´n time
tA[a/vA , the resistivityh5S21 where the Lundquist num
berS[t r /tA is the ratio of the resistive diffusion timet r to
the Alfvén time, and the sound speedcs5AT. The magnetic
field in toroidal geometry can be written in the form

B5“c3f̂/R1Bff̂, ~5!

wherec is the poloidal magnetic flux andf̂ is a unit vector
in the f direction.

Axisymmetric equilibria, independent of the toroid
angle f, are obtained from Eqs.~1!–~4! by neglecting the
time derivatives. In equilibrium, the net force in the mome
tum equation~2! must be zero,

2“P1J3B1R̂rmVf
2 /R50, ~6!

whereVf is the equilibrium toroidal flow velocity andR̂ is a
unit vector in theR direction. In addition to the usual forc
caused by the pressure gradient and the LorentzJ3B force,
there is an additional centrifugal force outward in the ma
radius because of the toroidal flow.

The rapid transport of energy along the magnetic fi
lines forces the equilibrium temperature to be uniform alo
the equilibrium magnetic field lines:B•“T50. With expres-
sion ~5! for the magnetic field, it is easy to show that th
condition is satisfied if the temperature is a functionT(c) of
the flux c.
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The toroidal flowVf will alter the equilibrium magnetic
field unless the flow satisfies the equation“3(Vff̂3B)
50. With expression~5! for the magnetic field, it is straight
forward to show that the equilibrium magnetic field will no
be altered by the flow ifVf is given by the product of the
major radiusR and an arbitrary functionf (c) of the flux c.
It is convenient to takef (c) to be proportional to the soun
speedcs5AT(c). Then we writeVf in the form

Vf5M
R

Raxis
AT~c!, ~7!

where Raxis is the position of the magnetic axis in majo
radius. The ratio of the toroidal flow velocity to the soun
speed is given by the Mach numberM ,

Vf /cs5M
R

Raxis
. ~8!

The mass densityrm is determined by the force balanc
equation~6! together with expression~7! for Vf . Let us take
rm to be a function of the major radiusR so that the pressure
P(R,c)5rm(R)T(c). Then the component of the force ba
ance equation~6! parallel to the magnetic field can be writte
as

d

dR
rm5rmM2R/Raxis

2 . ~9!

Equation~9! can be integrated to give the equilibrium ma
density

rm5e~1/2! M2[(R/Raxis)
221]. ~10!

By specifying the fluxc, the temperatureT(c) as a
function of c, and Vf and rm as a function of the Mach
numberM through Eqs.~7! and~10!, respectively, we ensure
that the component of the force parallel to the magnetic fi
is zero in equilibrium. However, the component of the for
perpendicular to the magnetic field is not, in general, ze
We obtain an axisymmetric equilibrium dynamically by sol
ing the two-dimensional component of the MHD equatio
for the magnetic field~1! and the momentum~2! in the po-
loidal plane (R,z). The net force on the plasma perpendic
lar to the magnetic field generates a mass flow which al
the magnetic field and, hence, the fluxc. The temperature is
then determined through the functional formT(c), and the
toroidal flow and the mass density are determined from E
~7! and~10!, respectively. With the resistivityh50, but with
a nonzero viscositym, the system relaxes into an equilibrium
in which the force balance equation~6! is satisfied. The smal
residual flow is damped away by the viscosity.

An example of an equilibrium with a sound speed tor
dal flow ~Mach numberM51! is shown in Fig. 1. Figure
1~a! is a plot of the toroidal flowVf ~solid line! and the
pressureP ~dashed line! as a function of the major radiusR
through the midplane (z50) of a torus, for a plasma with
b52P0 /Bf0

2 52%, whereP0 is the pressure at the magnet
axis andBf0 is the toroidal magnetic field at the magnet
axis. The safety factorq in this equilibrium increases mono
tonically from 1.1 at the magnetic axis to 3.3 at the wall.
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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The nonlinear equations are solved on a Cartesian gri
R, f, andz. Spatial derivatives are evaluated to fourth ord
in the grid spacingD ~Ref. 10!, while time stepping is secon
order accurate in the time stepDt with a leap frog trapezoi-
dal scheme.11

III. DISRUPTIONS AT HIGH b

The nonlinear evolution of a flow-free (M50) tokamak
plasma at highb is illustrated by the simulation result
shown in Fig. 2. This figure contains a series of plots t
illustrate the temporal evolution of the temperature in
poloidal plane (R,z) at toroidal anglef50. The hottest
plasma is located in the red region. The plasma beco
progressively cooler through the orange, yellow, green,
blue regions, with the coldest plasma located in the vio
region. The boundary of the plasma lies at the inner edg
the light blue area located at the edge of each plot. T
different simulations are shown in Fig. 2. These two simu
tions differ only in the temperature of the equilibrium; a
other parameters are identical. The transport coefficienth
5m5D5331024, and the parallel thermal conductionk i
51. The series of plots on the left-hand side of Fig. 2 sh
the temporal evolution of a plasma withb51%, while the
nonlinear evolution of a plasma withb52% is given by the
plots on the right-hand side.

In each case, an identical, small, three-dimensional
turbation was applied to the tokamak equilibrium att50. In
both cases the plasma is unstable. Convection cells dev
and the plasma flow in these cells transports the hot cen
plasma to the wall in ridges that extend toroidally around
outside of the torus. The two-dimensional projection of the
ridges onto the poloidal plane has the appearance of fing
When b51%, these fingers become sizable byt5600tA .
The hot plasma fingers continue to rapidly grow towards
wall at largeR at t5900tA , destroying confinement. Simu
taneously fingers of cold edge plasma grow inward towa
the center of the plasma column.

FIG. 1. Equilibrium with a sound speed toroidal flow. The toroidal flowVf

~solid line! and the pressureP ~dashed line! are plotted as a function of the
major radiusR through the midplane (z50) of a torus for a plasma with
b52%.
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As the equilibriumb increases, confinement is destroy
in the same manner, although even more rapidly. Whenb
52%, the fingers become sizable byt5250tA , and the fin-
gers continue their rapid convection nearly reaching the w
at largeR by t5400tA . As a result of doubling the tempera
ture, confinement has been destroyed in about half the t

IV. CONFINEMENT WITH TOROIDAL FLOWS

A. Mach number M

Consider now the effect of a sheared toroidal flow
tokamak confinement at highb. The plots in Fig. 3 illustrate
the effect of toroidal flows on the nonlinear stability of ab
51% tokamak plasma. The simulations shown in Fig. 3
identical to theb51% simulation shown on the left-han
side of Fig. 2, with the same initial perturbation att50,
except for the addition of a toroidal flow with Mach numb
M to the equilibrium.

When the speed of the toroidal flow rises to 30% of t
sound speed (M50.3), the plasma is still unstable but th
perturbation grows more slowly. The plots on the left-ha
side of Fig. 3 show the nonlinear evolution of ab51%
tokamak plasma with a toroidal flow of Mach numberM
50.3. Structures with a finger-like appearance grow, but
fingers no longer balloon out to the wall at largeR as in the
flow-free case. Instead, the fingers are more uniformly d
tributed in poloidal angle. These fingers slowly rotate in t
poloidal plane about the magnetic axis. As the fingers rot
the thermal energy slowly spirals out from the center towa
the wall over a time scale of several thousand Alfve´n times.
This transport of energy is much slower than the rapid d
ruptive loss of confinement seen in the flow-free simulatio

When the toroidal flow speed increases to the sou
speedM51, then confinement is maintained by the flo
The plots on the right-hand side of Fig. 3 show the effect
a sound speed toroidal flow on nonlinear stability whenb
51%. The hot plasma remains confined at the center of
poloidal cross-section, away from the wall. The shea
sonic toroidal flow has eliminated the growing fingers th
had caused a rapid loss of thermal energy in the flow-f
plasma.

B. Plasma pressure b

As b increases in a flow-free tokamak plasma, confin
ment is destroyed ever more raipdly by the growing plas
fingers ~Fig. 2!. The plots on the left-hand side of Fig.
show the effect of a sound speedM51 toroidal flow on
nonlinear stability whenb52%. Thin rotating fingers
slowly grow, resulting in a slow spiralling of thermal energ
from the center out toward the wall over a time scale
several thousand Alfve´n times. The sonic toroidal flow ha
greatly reduced the rate at which thermal energy is lost w
b52%. But energy is still transported out to the wall, unlik
the case whenb51% where a sonic toroidal flow maintain
confinement.
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 2. ~Color! Disruptions at highb.
The series of plots shows the nonlinea
evolution of the temperature in the po
loidal plane (R,z) at toroidal anglef
50, for a flow-free tokamak plasma
with b51% ~left-hand side! and b
52% ~right-hand side!. The hottest
plasma is located in the red region
The plasma becomes progressive
cooler through the orange, yellow
green, and blue regions, with the cold
est plasma located in the violet region
The boundary of the plasma lies at th
inner edge of the light blue area lo
cated at the edge of each plot.
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C. Transport coefficients

The transport coefficients used in these simulations
much larger than those at the center of a large, hot toka
where the Lundquist numberS;108– 109. The plots on the
right-hand side of Fig. 4 show the effect of a reduction in t
magnitude of the transport coefficients on the nonlinear
bility of high b tokamaks with toroidal flows. The simulatio
on the right-hand side of Fig. 4 is identical to that on t
left-hand side except that the magnitude of the transport
efficients for the simulation on the right has been reduced
a factor of 30. The spiralling transport of thermal energy
the wall seen whenh5m5D5331024 (S53.33103) is
Downloaded 02 Mar 2004 to 128.8.86.10. Redistribution subject to AIP l
re
ak

e
a-

o-
y

eliminated when the transport coefficients are reduced
magnitude toh5m5D5131025 (S513105), and stable
confinement is maintained.

We have also carried out a simulation identical to th
shown on the left-hand side of Fig. 3 whereb51% and the
Mach numberM50.3, except that the transport coefficien
have been reduced in magnitude by a factor of 10 toh5m
5D5331025. Again, the spiralling transport of therma
energy to the wall is eliminated when the transport coe
cients are reduced, and confinement is maintained.

However, when the temperature is increased tob56%
with h5m5D5131025, a sound speed toroidal flow is n
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 3. ~Color! Nonlinear stability with toroidal flows.
The series of plots shows the nonlinear evolution of t
temperature in the poloidal plane (R,z) at toroidal
anglef50, for a b51% tokamak plasma with a tor-
oidal flow of Mach numberM50.3 ~left-hand side! and
M51 ~right-hand side!.
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longer sufficient to maintain confinement. Confinement
lost as thermal energy is rapidly convected to the wall in
couple of hundred Alfve´n times. A toroidal flow of Mach
numberM becomes less effective at stabilizing a plasma
b is increased.

V. DISCUSSION

Our numerical simulations demonstrate that disrupt
high b tokamaks can be stabilized by the addition of
sheared toroidal flow. In flow-free tokamaks, confinemen
rapidly destroyed by fingers of hot plasma that balloon
from the center of the discharge to the wall at largeR. The
Downloaded 02 Mar 2004 to 128.8.86.10. Redistribution subject to AIP l
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addition of a subsonic toroidal flow acts to stablize t
plasma. The fingers still grow, but much more slowly. I
stead of ballooning out to the wall at largeR, the fingers are
more uniform in poloidal angle and rotate about the magn
axis. Rather than a rapid, direct loss of confinement, ther
energy spirals to the wall. With further increases in the m
nitude of the toroidal flow speed, the fingers are elimina
altogether and confinement is maintained. As the trans
coefficients are reduced in magnitude, the stabilizing eff
of the toroidal flow becomes even stronger. When the m
nitude of the transport coefficients are reduced in a flow-f
plasma, the fingers generated become more numerous
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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FIG. 4. ~Color! Transport coefficients. The series o
plots shows the nonlinear evolution of the temperatu
in the poloidal plane (R,z) at toroidal anglef50, for a
b52% tokamak plasma with a sonic toroidal flow
(M51). The classical transport coefficientsh5m5D
5331024 for the plots on the left-hand side whileh
5m5D5131025 for the plots on the right-hand side
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narrower in width.4 But these narrower fingers at smallerh
and m destroy confinement at the same rate as the w
fingers at largerh andm.4 The loss of confinement in flow
free tokamak plasmas is independent of the magnitude o
Lundquist numberS. However, the stabilizing effect of th
toroidal flow increases asS becomes larger. The toroida
flow is more effective at shearing apart and stabilizing
narrower structures at largerS.
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In the ideal MHD approximation, the transport coef
cients are neglected and the growth rate of ballooning mo
at largeb is proportional to the sound speed or, equivalen
the square root of the temperature.12 But the structure of the
fingers generated in our nonlinear simulations depends
the magnitude of the resisitivityh.4 As the magnitude of the
resistivity decreases, the numberN of fingers generated in
creases asN;h21/2 while the width w of each finger de-
icense or copyright, see http://pop.aip.org/pop/copyright.jsp
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2661Phys. Plasmas, Vol. 9, No. 6, June 2002 Toroidal flow stablization of disruptive high b tokamaks
creases asw;h1/2. The resistivityh remains important, and
cannot be neglected, even ash→0. Although the rate at
which the fingers grow is indeed independent of the mag
tude ofh, the growth rate does not scale withb as the ideal
MHD ballooning mode growth rateb1/2. When the magni-
tude of temperature in the simulations is doubled, the gro
rate of the fingers is approximately doubled~Fig. 2!. The
growth of the fingers is therefore roughly proportional tob.
At somewhat lower, although still large, values ofb, an oth-
erwise disruptive plasma can be stabilized by a sound sp
toroidal flow. However, asb increases the magnitude of
sound speed toroidal flow increases only asb1/2. For very
large b, the fingers grow too rapidly to be suppressed b
sound speed flow. But a sound speed toroidal flow increa
the critical value ofb below which confinement is main
tained without disruptions.
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