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[1] The propagation of high-frequency (HF) radio waves in an inhomogeneous
magnetoactive plasma and generation of plasma waves at the resonance layer near the
reflection layer of the ordinary mode are studied using one-dimensional (1-D) and two-
dimensional full-wave codes. The characteristics of the mode-conversion process are
investigated in linear and parabolic density profiles as the angle of incidence is varied. We
present the 1-D results for the wave propagation relevant to the high-latitude heater facility
at Tromsø and the midlatitude facility at Arecibo. For the facility at Arecibo, the 2-D wave
propagation in a plasma density approximating an overdense sporadic-E patch is
investigated to determine the localized regions of amplified intensity, where plasma waves
can facilitate acceleration of fast energetic electrons, resulting in observed enhanced
airglow. INDEX TERMS: 2487 Ionosphere: Wave propagation (6934); 2471 Ionosphere: Plasma waves
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1. Introduction

[2] In ionospheric modification experiments, a powerful
HF electromagnetic wave incident on the ionosphere can
produce nonlinear effects on time scales ranging from tens
of microseconds to minutes and with scale sizes ranging
from meters to kilometers. One type of these nonlinearities
can result from the electromagnetic wave coupling to a
plasma wave that occurs at small-scale (meters to tens of
meters) field-aligned density irregularities.
[3] In recent years, Gurevich et al. [1995, 1998] have

developed a comprehensive nonlinear theory of the gener-
ation of the small-scale thermal filament (striation). Accord-
ing to this nonlinear theory, a fundamental problem is the
nonlinear stationary state of the filament which sets in after
full development of the resonant instability [Gurevich et al.,
1995]. One of the essential features of this resonant insta-
bility is the presence of initial density inhomogeneities in
the ionosphere which leads to the thermal self-focusing
instability (SFI). Various mechanisms are known, which
explain the creation of small-scale density irregularities.
These are the thermal-parametric [Grach et al., 1978] and
resonant [Vaskov and Gurevich, 1977] instabilities, drift-

dissipative instability [Borisov et al., 1977], super-heating
instability [Polyakov and Yakhno, 1980], and self-focusing
instability of plasma waves in the reflection region due to
parametric instabilities [Gurevich and Karashtin, 1994].
[4] Another mechanism for exciting small-scale irregu-

larities elongated along the magnetic field is the self-
focusing of a plasma wave in the resonance region (near
the ordinary mode reflection layer) due to linear mode
conversion of the pump wave to the plasma wave [Vaskov
et al., 1981]. When a HF electromagnetic wave of ordinary
polarization (O wave) is incident obliquely on an inhomo-
geneous magnetized plasma, the O wave can be transformed
in the vicinity of the reflection point into the Z wave, which
after the reflection is converted into a plasma wave at the
resonance layer. In time, the rapid development of the
irregularities results in the extending of these irregularities
along the magnetic field upward and downward and may
lead to the penetration to the upper hybrid region where the
irregularities are amplified by the resonant instability, and
the electromagnetic wave can be coupled to the upper
hybrid wave.
[5] In the resonance region, the growth of the density

perturbation leads to the SFI when the Ohmic heating expels
the plasma from the focused regions that results in ampli-
fying the initial perturbation. The first two-dimensional
(2-D) numerical model of the thermal SFI by Bernhardt
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and Duncan [1982, 1987] was for underdense plasmas,
where the instability is convective in character. Guzdar et al.
[1996] also studied SFI for the underdense case in two
dimensions. More recently, Guzdar et al. [1998] and
Gondarenko et al. [1999] simulated the propagation of HF
radio waves in an inhomogeneous gyrotropic medium near
the reflection height, where the thermal SFI is an absolute
instability. These studies addressed the full nonlinear self-
consistent development of the absolute SFI instability start-
ing at the critical surface and resulting in field-aligned
filamentary structures which extend above and below the
critical surface. The self-consistent dynamics of the density
profile in a small region around upper-hybrid layer was
investigated by Gondarenko et al. [2002]. This study
revealed important aspects of heating and transport at the
upper-hybrid layer where the ordinary wave can be reflected
when it propagates along the magnetic field.
[6] In the simulations of ionospheric modification experi-

ments, discussed above, the evolution of the electron
density affects the propagation of HF radio waves, and
therefore it is necessary to find solutions of the electromag-
netic fields varying slowly on the time scale of the density
evolution. However, in those studies for wave propagation
[Guzdar et al., 1998; Gondarenko et al., 1999], a simplified
model was used by assuming that the wave was incident
normally and propagated vertically along the magnetic field
and the direction of inhomogeneity. In the present study for
the HF radio wave propagation, we used the full-wave
model allowing for propagation of a radio wave in an
inhomogeneous magnetized plasma when the wave is
incident at an arbitrary angle to the direction of inhomoge-
neity, and an arbitrary orientation of the geomagnetic field is
taken into account. This full-wave model is also discussed
by Gondarenko et al. [2003], where the numerical scheme
and method of solution are given in detail. Although in
simulations presented in this paper the density is not varying
with time, the study of the structure and the amplitude of the
fields near reflection or resonance regions for the given
electron density profile is very important. The coupling of
the full-wave model with density and temperature evolution
equations is the next consequent step in the studies of full
nonlinear self-consistent development of the instabilities
which may result in field-aligned filamentary structures,
and it is the subject of our future work.
[7] The modeling of the linear mode conversion process

is of practical importance for many ionospheric modifica-
tion experiments. The accumulation of wave energy occur-
ring in the resonance region due to the linear mode
conversion [Mjølhus and Flå, 1984; Mjølhus, 1984, 1990]
may give rise to nonlinear effects which were discussed
above. Also, the importance of linear mode conversion in
ionospheric experiments was discussed by Wong et al.
[1981]. The linear mode conversion process is one of the
mechanisms which can be responsible for the enhancement
of the electric field not only at the resonance layer, near the
reflection layer of the incident ordinary wave, but also at the
upper layer, that is the reflection layer of the Z mode.
During HF heating experiments in the polar ionosphere
[Isham et al., 1996], the outshifted plasma lines (HFOL),
spectra with an unusually large spectral width shifted above
the heating frequency, have been observed. Mishin et al.
[1997] proposed a theory for the generation of the HFOL.

According to this theory, the origin of this HFOL is close to
the reflection layer of the Z mode. The enhancement of the
electric field at the Z-mode reflection layer due to linear
mode conversion is considered to be responsible for the
creation of density depletions, that leads to the generation of
Langmuir waves and results in HFOL. Also, during the
experiment at the EISCAT facility near Tromsø [Rietveld et
al., 2002], in the topside E-region, the instability-enhanced
plasma waves were observed. The topside E-region
enhancements are likely due to linear mode conversion,
Z-mode propagation of the HF pump wave to the topside
E-region, and excitation of instabilities by the Z-mode wave
[Mishin et al., 1997; Isham et al., 1999].
[8] The full-wave 1-D and 2-D models are utilized for

simulating the propagation of the waves that are totally or
partially reflected from the ionosphere and allow one to
describe the process of linear conversion of electromagnetic
waves into electrostatic waves when the ordinary waves are
normally (or obliquely) incident from the lower boundary.
The model takes into account absorption (effective collision
frequency) of electromagnetic waves by a magnetoactive
plasma. Within a ‘‘cold’’ plasma model this is the only
mechanism to resolve singularity occurring in the resonance
region where the refractive index goes to infinity in the
absence of absorption.
[9] The 1-D results of our simulations demonstrate the

influence of the geomagnetic field which strongly affects
the wave patterns. We focus on studying the mode conver-
sion process of an obliquely incident ordinary wave into an
electrostatic wave that occurs at the so called ‘‘conversion
window’’ or the cone of rays around the angle of critical
incidence, for which the process of conversion is signifi-
cant. The extraordinary wave does not normally reach the
ordinary mode reflection level. At the conversion window,
close to this level, the wave normal for the O wave is
parallel to the magnetic field, so that the O wave is not
reflected and proceeds further as a second branch of the
extraordinary wave. However, after reflection at the higher
level the wave can be coupled to the plasma wave at a
resonance level, resulting in amplification of the electric
fields in localized regions. The width of the ‘‘conversion
window’’ is discussed for the linear density profile cases.
For oblique incidence in a parabolic density profile, we
demonstrate the enhancement of the energy at the upper
layers, above the density peak.
[10] In the 2-D simulations presented in this paper, we use

a model with a two-dimensional electron density profile to
approximate the electron density patch [Bernhardt, 2002]
associated with the sporadic-E layer. In ionospheric modi-
fication experiments at Arecibo, it was found that the
plasma wave (Langmuir wave) can be excited at lower
altitudes in association with a sporadic-E event with a short
density scale length (about 500 m) [Djuth et al., 1999].
Also, recently Bernhardt [2002] has developed a theory to
explain the generation of structures in the radio-induced
fluorescence (RIF) images [Djuth et al., 1999; Kagan et al.,
2000] interpreted as modulation in the ion-layer densities in
the E region. Numerical computations of the modulation of
the ion-layers by the Kelvin-Helmholtz instability in the
neutral atmosphere indicate a patchy structure of the spo-
radic-E layer. The 2-D results focus on determining local-
ized mode-conversion and resonance regions where plasma
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waves can be created. An enhancement of the field in these
regions can lead to the excitation of Langmuir waves
generated by the so called parametric decay instability
(PDI) when the threshold for the PDI is exceeded. The
Langmuir waves can, if sufficiently intense, lead to second-
ary nonlinear processes, particularly, strong turbulence,
which facilitates generation of fast energetic electrons to
produce the observed enhanced airglow [Newman et al.,
1998].
[11] In section 2, the computational models for the

simulations of radio wave propagation in ionospheric plas-
mas are presented. In section 3, the dispersion equation
representing the four modes of wave propagation arising
when a wave is incident obliquely on a plane layer of a cold
magnetoactive plasma, is discussed. In section 4 we present
the numerical examples of radio wave propagation for the
1-D inhomogeneous density profiles, linear as well as
parabolic, for various angles of incidence. The results for
the 2-D case for the sporadic-E patch are described in
section 5. Finally, in section 6, our conclusions and the
directions for future work are outlined.

2. Basic Wave Propagation Equations

[12] The general equation for wave propagation in an
arbitrary medium for oblique incidence of the wave on a
layer of magnetoactive plasma is [Ginzburg, 1970]

�r2~E þ ~r r �~E
� �

¼ w2

c2
~Dþ i

4p
w
~j

� �
;Di þ i

4p
w

ji ¼ e0ijEj; ð1Þ

where e0ij(w) = eij(w) + i 4pw sij(w) is the complex permittivity
tensor describing the electromagnetic properties of a plasma
in a magnetic field, and sij is the conductivity tensor.
[13] In the coordinate system we choose, the z axis is

along the density gradient, and the external constant geo-
magnetic field H(0) is in the xz-plane (the plane of magnetic
meridian). The magnetic field makes an angle a with the z
axis, and in the case of normal incidence, the HF radio wave
is launched vertically upward (parallel to the z axis). In the
case of oblique incidence, the wave vector~k is at an angle q0
with the z axis.
[14] Let us consider propagation of a plane wave

~E ¼ ~E0e
i �wtþ~k�rð Þ. Then the wave equation (1) is

k2~E �~k ~k �~E
� �

¼ w2

c2
~Dþ i

4p
w
~j

� �
: ð2Þ

[15] For plane waves in a homogeneous medium, the
planes of equal phase and amplitude coincide, and k = w
(n � im)/c, where n and m are the indices of refraction and
absorption, respectively. Therefore equation (2) becomes

~Dþ i
4p
w
~j

� �
¼ n� imð Þ2 ~E �~s ~s �~E

� �� �
	 n� imð Þ2 ~E �~k ~k �~E

� �
=k2

� �
; ð3Þ

where ~s ¼~k=k is a real unit vector. Equation (3) can be
solved to determine the dispersion relation for modes in a
homogeneous magnetized plasma. In the case of a one-

dimensional inhomogeneous plasma (when permittivity
depends only on height, the z coordinate) for oblique
incidence, we can use the eikonal representation
~E ¼ ~E0e

�iwtþiw p0xþy zð Þð Þ=c for the wave. The ‘‘local’’ wave
vector in the plane of the magnetic meridian is~k ¼ w

c
(p0, 0,

q), where p0 =
c
wkx = sin q0, and q = (dy/dz). Thus for this

case,

dy=dzð Þ2þp20 ¼ n� imð Þ2;

which leads to a quartic equation for q = dy/dz [Budden,
1961; Ginzburg, 1970]:

apq
4 þ bpq

3 þ gpq
2 þ dpqþ dp ¼ 0: ð4Þ

[16] Finally, for the general case of a two-dimensional
problem for which the permittivity is a function of both x
and z coordinates, the basic equations for the electromag-
netic wave propagating in a ‘‘cold’’ magnetoactive plasma
are [Ginzburg, 1970]

� @2Ex

@z2
þ @

@x
þ ikx0

� �
@Ez

@z
� w2

c2
exxEx þ exyEy þ exzEz

� �
¼ 0;

ð5Þ

� @2Ey

@z2
� @

@x
þ ikx0

� �2

Ey �
w2

c2
eyxEx þ eyyEy þ eyzEz

� �
¼ 0;

ð6Þ

� @

@x
þ ikx0

� �2

Ez þ
@

@x
þ ikx0

� �
@Ex

@z
� w2

c2
ezxEx þ ezyEy þ ezzEz

� �
¼ 0;

ð7Þ

where kx0 = wp0/c is the x component of the wave vector at
the lower boundary on which the incident wave is specified.
[17] For wave propagation in inhomogeneous media, the

function e0(w, x, z) is determined by the given electron
density profile. In the general case, the electron density can
vary with time, and therefore we shall find the solutions of
the electromagnetic fields varying slowly on the time scale
of the density evolution. We present the electric field as Ex =
E1xe

�iw0t. Since we consider the ‘‘slow’’ wave equations,
the very fast time scales associated with the electromagnetic
pump wave frequency w are removed, and with this ap-
proximation one can write for the amplitude of the electro-
magnetic field

@2Ex

@t2
¼ �2iw0

@E1x

@t
� w2

0E1x: ð8Þ

Thus by substituting w2 = 2 iw0
@
@t + w0

2 into equations (5)–(7),
the normalized ‘‘slow’’ wave equation becomes

@Ex

@t
¼ i

@2

@z2
þ i

L

z0
exx

� �
Ex þ i

L

z0
exy

� �
Ey

þ kx0
@

@z
� i

@2

@x@z
þ i

L

z0
exz

� �
Ez; ð9Þ
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@Ey
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@Ez
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@

@z
� i
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@x@z
þ i

L

z0
ezx

� �
Ex þ i

L

z0
ezy
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Ey
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L
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 !
Ez; ð11Þ

where spatial variables are normalized to the Airy length,
z0 = (c2L/w2

0)
1/3, and time t to t0 = 2w0z0

2/c2, L is the scale
length of the density inhomogeneity, and normalized
kx0 ¼

ffiffiffiffiffiffiffiffiffi
L=z0

p
p0.

[18] For the general 2-D case of wave propagation in an
inhomogeneous magnetized plasma, when a wave is inci-
dent obliquely to the direction of inhomogeneity as well as
the direction of the magnetic field, the slow evolution of the
electric field is described by a system of three Schrödinger
type equations for the components of the electric field
vector (9)–(11). In the one-dimensional case when the
wave is incident normally along the direction of inhomo-
geneity but oblique to the direction of the magnetic field,
the model can be reduced to a system of two second-order
equations for the transverse components of the electric field
vector.
[19] The alternating direction implicit (ADI) method was

used to solve the time dependent 2-D equations (9)–(11) for
the HF wave propagation [Gondarenko et al., 2003]. The
model employed the Maxwellian perfectly matched layers
(PML) technique for approximating nonreflecting arbitrary
boundary conditions for the vector time-dependent equa-
tions. The Maxwellian PML technique implemented with
the use of unsplit variables [Sacks et al., 1995; Gedney,
1996] is very convenient for realization and can be applied
to various numerical models. The implementation of the
Maxwellian formulation of the PML technique and the
boundary conditions that account for the amplitude and
the phase of the upward going wave are discussed by
Gondarenko et al. [2003].

3. Mode Conversion

[20] The solution of the dispersion equation (4) represents
the four modes of wave propagation, namely, the upward
and the downward propagating ordinary O mode and the
extraordinary X mode. An O mode, launched from the lower
boundary, can be reflected at a plasma cutoff at the layer V =
1 (the critical layer) where the wave frequency w is equal to
the electron plasma frequency wpe, V = w2

pe/w
2. For oblique

propagation, the O mode can be transformed near the layer
V = 1 into the second branch, the extraordinary (X ) mode,
which in the ionospheric context is referred to as the Z mode
[Mjølhus, 1984, 1990]. The extraordinary Z mode is
reflected at another cutoff at the layer V = 1 + Y and then
it propagates toward a plasma resonance region V1 where it
is converted into an electrostatic mode (or absorbed, accord-
ing to the cold plasma theory). Here, the resonance layer

V1 = (1 � U)/(1 � Ucos2a ), Y = we/w is the ratio of the
gyrofrequency to the heater frequency and U = Y2. Although
electrostatic waves are not described in a cold plasma
model, the inclusion of the absorption (the effective electron
collision frequency neff) into the model can resolve the
singularity that occurs when the wave approaches the
plasma resonance so that absorption can be interpreted as
conversion into electrostatic waves for the cold plasma
approximation model. In other words, when neff

2 /w2 � 1,
the ‘‘cold’’ plasma absorbs significantly only near the
resonance region where the refractive index function goes
to infinity in the absence of the absorption.
[21] In Figure 1a, we present the real parts of the

refractive index function nO,X to demonstrate the reflection
of the O mode for various angles of incidence q0. First, we
discuss wave propagation in a linear density profile: N(z) =
1 + (z � zc)/L, where the scalelength of the density
inhomogeneity L = 20 km and zc is the critical surface
where the local plasma frequency matches the given wave
frequency w = 2p � 4 MHz. The magnetic field makes an
angle a = 12� with the z axis. The ordinary mode refractive
index for the normal incidence q0 = 0 has a zero at V = 1
(horizontal solid line in Figure 1a). For arbitrary angle of
incidence, when q0 > qcr, the reflection of the O mode occurs
at V ’ cos2 q0. Here, the critical angle is determined by sin

Figure 1. The real parts of the refractive index function
nO,X (linear density profile) (a) for various angles of
incidence q0, Y = 0.375, L = 20 km, and (b) for the critical
angle of incidence q0 = 6.9�, Y = 0.398, and L = 5 km.
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qcr =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y= 1þ Yð Þ

p
sin a. The reflection points for the X

mode at V = 1 ± Y are not shown. The resonance layer V1 is
shown as a dashed horizontal line and the upper hybrid
layer V = 1 � U is shown as a horizontal solid line. In order
for reflection to occur above the upper hybrid layer, the
angle of incidence must satisfy the condition Y > sin q0. One
can see that for q0 ’ 22�, the reflection occurs near the
upper hybrid layer.
[22] In Figure 1b we show the refractive index function

for the critical angle of incidence, qcr = 6.9� for the
parameters w = 2p � 3.515 MHz, we = 2p � 1.4 MHz, L =
5 km, and a = 13�. Here, the reflection of Z mode is
shown at the layer V = 1 + Y. The effect when the
reflection of the ordinary mode can jump from the layer
V = 1 to the layer V = 1 + Y is the ‘‘tripling’’ effect
occurring in the ionosphere for radio wave propagation
when Y2 < 1 [Ginzburg, 1970]. For the critical angle of
incidence qcr, the O mode reaches the coupling point V =
1, at which the wave normal for the ordinary wave is
parallel to the magnetic field H(0). At an angle q0 = qcr,
the ordinary branch becomes the second extraordinary
branch at the layer V = 1. At angles close to the qcr, the
ordinary mode (Figure 1a) is separated from the extraor-
dinary mode but it is clear that within a certain range of
angles, the transition will occur. The results of calcula-
tions for this case show that the distance between the
ordinary mode reflection layer (V = 1) and the resonance
layer (V1), �R,1, should not exceed two wavelengths of
the heater wave in order for the O mode to be trans-
formed into a wave of extraordinary polarization. This
determines the width of the ‘‘conversion window.’’ For
this set of parameters, the transformation of the O mode
is significant only for 4� < q0 < 9� so that the window is
about 5�. For the cases when the O mode is transmitted
to the higher layer V = 1 + Y in the Z mode, the
reflection of the O mode (at V = 1) can still be seen
in an ionograms [Ginzburg, 1970] because of the pres-
ence of inhomogeneities leading to scattering of the wave
(the O mode is partially returned along the same path).

4. One-Dimensional Simulation Results

4.1. Linear Density Profile

[23] Let us now discuss the solutions for the differential
equations (9)–(11) for the linear electron density profile
model. The sets of parameters chosen for these simulations
are for the F region at Arecibo and Tromsø (taken from
Table 1 [Lundborg and Thide, 1986]). Lundborg and Thide
calculated the standing wave patterns of the vertically
propagating HF wave when the O mode was incident. They
used analytic formulas to calculate the wave patterns and
compare them with the results for the cases when the
external constant geomagnetic field is neglected. Their
model did not take into account the mode coupling which
can occur around the reflection regions. For the cases when
the angle a between magnetic field and vertical is large
enough to exclude the conversion of the ordinary mode to
the Z mode, the mode coupling can be neglected.
[24] In Figures 2a and 2b, we show the results of our

simulations for the case a = 42� that is typical for the F
region at Arecibo. Here w = 2p � 5.13 MHz, the electron
cyclotron frequency we = 2p � 1.1 MHz, L = 50 km, and n =

2.5 � 103 s�1. The real parts of the refractive index function
nO,X for the O mode (filled circle curve) and the X mode
(open circle curve) are shown in Figure 2a. The total electric
field in Figure 2b describes the standing wave pattern
around the reflection of an ordinary mode. For the set of
parameters above, the distance between the reflection point
of the ordinary mode (solid line in Figure 2a at z =
1.955 km) and the pole of an extraordinary mode, �R,1,
is about 1.05 km, which is outside the computational region.
The O mode can not penetrate further than the critical layer
V = 1 and does not have an access to the resonance layer.
Also, as one can see in Figure 2b, the total electric field jEj

Figure 2. The real parts of the refractive index function
nO,X and the normalized amplitude of the total electric field
jEj (jE0j is for the isotropic case) for the parameters of (a),
(b) the F-region at Arecibo; (c), (d) the F-region at Tromsø;
(e), (f ) the E-region at Tromsø.
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(solid line) varies more rapidly and has a larger amplitude
than the electric field jE0j (dashed line) for the isotropic case.
Note that in this calculation the ordinary mode with unit
amplitude was incident normally at the lower boundary.
[25] As was shown above, the inclusion of the geomag-

netic field into the calculations (that affects the permittivity
tensor) changed the pattern of the electric field. This is also
demonstrated in the Figures 2c and 2d where the wave
frequency w = 2p � 5.423 MHz and the angle a� = 13 which
is typical for the F region at Tromsø. Also, we = 2p �
1.3 MHz, L = 50 km, and n = 2.5 � 103 s�1. In Figure 2c we
present the real parts of the refractive index function nO,X
for the O mode (filled circle curve) and X mode (open circle
curve). The refractive index of the X mode nX goes to
infinity at the resonance layer V1 (dashed horizontal line in
Figure 2c). The distance between the reflection point of the
ordinary wave (solid line in Figure 2c at z = 1.884 km) and
the resonance of the X wave, �R,1, is about 152 m (which
is about 2.76 wavelengths of the heater wave) and the
modes are separated. In Figure 2d we show the amplitude
of total electric field jEj (solid line). One can see that the
swelling of the first few maxima of the electric field of the
HF wave is much larger than that for the isotropic case
shown in Figure 2d (dashed line). An increase in field
strength at the maximum of the standing wave pattern, or
swelling, is due to the effect of the geomagnetic field. It was
shown by Lundborg and Thide [1986] that the geomagnetic
field affects the wave pattern strongly and leads to a high
swelling in the first wave maximum prior the reflection
point. As one can see in our Figures 2b and 2d, this effect is
more emphasized at the higher latitudes (Figure 2d,
Tromsø) than at the lower ones (Figure 2b, Arecibo).
[26] Now we consider the cases when the transformations

of the electromagnetic waves into electrostatic waves occur.
The results of our calculations for the set of parameters
[Lundborg and Thide, 1986] for the E-region at Tromsø are
shown in Figures 2e and 2f. The corresponding parameters
for the E layer were we = 2p � 1.4 MHz, L = 5 km, and w =
2p � 3.515 MHz. The magnetic field is inclined and it makes
the angle a = 13� with the z axis. The behavior of the
refractive index function nO,X in Figure 2e is similar to the
one in Figure 2c. However, in this specific case,
the resonance layer V1 is very close to the reflection height
of the ordinary mode V = 1 at z ’ 1.17 km (�R,1 ’ 47 m
that is less than the wavelength of the heater wave). The
ordinary wave has direct access to the resonance layer.
Therefore, even at normal incidence in the magnetic field,
the plasma wave can be excited in the neighborhood of the
V1. This is demonstrated in Figure 2f, where there is a
sharp increase in the amplitude of the total electric field
(solid line) prior to the reflection of the O mode. However,
as was mentioned above, electrostatic waves are not de-
scribed within a cold plasma model. In this case, the
inclusion of electron collisions is the only mechanism to
resolve the singularity that occurs when the wave
approaches the plasma resonance. Here we used the effec-
tive collision frequency n = 103 s�1. Also, one can see, that
the swelling in the electric field in Figure 2f is very high
compare to the electric field for the isotropic case.
[27] Next we investigate wave propagation for various

angles of incidence. First, for linear density profile, we shall
show the results of calculations, which demonstrate the

wave patterns of a HF radio wave when the electromagnetic
wave is totally or partially transmitted at the layer V = 1.
[28] The results of our calculations for the set of param-

eters for the E-region at Tromsø given above are shown in
Figures 3a–3p. Shown in Figures 3a–3d are the amplitudes
of the total electric field jEj = (jExj2 + jEyj2 + jEzj2)1/2, the
jEzj, jExj, and jEyj components of the electric field, respec-
tively, for the case when the ordinary wave with the unit
amplitude was incident normally (q0 = 0�) at the lower
boundary. In this case, as was discussed above, the O wave
has direct access to the resonance layer. This is demonstrated
in Figure 3b, where there is a sharp increase in the amplitude
of the jEzj component of the electric field at z’ 1 km, prior to
the reflection layer of the ordinary mode. Here we used the
effective collision frequency n = 104 s�1 (Figure 3). As
expected, the amplitude of the electric field at the resonance
layer in Figures 3a and 3b decreases when electron collisions
are increased.
[29] In Figures 3e–3h the components of the electric field

are shown for oblique incidence q0 < qcr (q0 = 5�). One can
see that the wave is partly transmitted as a second branch of
the extraordinary wave, the Z mode. It proceeds further and
at a higher level, V = 1 + Y at about z = 2.9 km, the Z mode
is reflected (this is the ‘‘tripling effect’’). The reflection at
the higher level is clearly seen in Figures 3g and 3h for the
jExj and jEyj components of the electric field. However,
after Z-mode reflection, the wave cannot turn back in
regular propagation, the wave normal does not become
parallel to the magnetic field, and, finally, the wave prop-
agates toward the resonance V1 where it is converted into
the electrostatic wave.
[30] For the critical angle of incidence (q0 = qcr = 6.9�)

shown in Figures 3i–3l, the electromagnetic wave is com-
pletely transmitted at the coupling point V = 1. For V < 1
(from the lower boundary up to the reflection layer of the
ordinary mode), the total field amplitude jEj is unity. Note,
that the O wave with unit amplitude was incident at the
lower boundary. The jExj and jEyj components of the
electric field demonstrate the strong reflection at the upper
level V = 1 + Y (Figures 3k and 3l). For V > 1, the amplitude
of the field component jExj (Figure 3l) coincides with the
amplitude of the field component jEyj (Figure 3k) since the
corresponding value of the polarization K = Ey/Ex = �i
(circular polarization). The polarization is almost circular
for the case shown in Figures 3m–3p, for which the angle
of incidence q0 > qcr (q0 = 8�). Although the largest part of
the electromagnetic wave is transmitted, there is a partial
reflection at the coupling point of the waves. For this case,
the distance between the ordinary wave reflection layer
and the resonance layer (V1), �R,1 (about 20 m), is less
than the heater wavelength allowing for the O-wave trans-
mission. This distance �R,1 is almost the same as for the
q0 = 5� case, although for the cases when q0 > qcr, the reflection
of the O mode occurs at the height prior the resonance
layer height.
[31] The total electric field amplitude jEj is shown in

Figures 4a and 4b for q0 = 9� and 10�. In Figures 4c and 4d
are shown the amplitudes jEj for the cases when q0 = 12�
and q0 = 14�. One can see how the ratio between the
transmitted and the reflected parts of the incident energy
flux is changed because of oblique incidence of the wave.
For the cases when q0 > qcr, the ratio is decreased as the
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distance �R,1 is increased. Obviously, for critical inci-
dence, �R,1 ! 0, 100% of the electromagnetic energy is
transferred through the layer V = 1. To demonstrate this
we simulate the wave propagation at q0 = 6.9� in the
reduced propagation interval to exclude the reflection
point of the Z mode at the higher level V = 1 + Y. Also
in this case, the absorbing boundary condition approxi-
mated with a PML layer (with the length of about two
wavelengths) was applied at the upper boundary to
prevent the reflection from the boundary. Figure 5a
demonstrates that the O wave with the unit amplitude
penetrates further than the reflection layer V = 1, at z =
1 km, and then the wave is absorbed in the PML

absorbing layer without being converted into the plasma
wave. In contrast, in Figure 5b, the reflecting boundary is
used at the upper boundary of the reduced interval. Also,
for the cases in Figures 4a–4d, the reflecting boundaries
were used to approximate the reflection of the Z mode.
For q0 = 10� case (Figure 4b), the distance �R,1 is about
50 m, for q0 = 12� case (Figure 4c), the distance �R,1 is
about the wavelength (85 m), and is almost doubled for
q0 = 14� (Figure 4d). The ratio between the transmitted
and the reflected parts of the incoming energy flux goes
to zero. Finally, for this Tromsø case, the range of angles
for which the O mode has an access to the resonance
layer and transmission is significant is about 12�.

Figure 3. The normalized amplitude of the total electric field jEj, field components jEzj, jEyj, and jExj
for the parameters of the E-region at Tromsø (a)–(d) for normal incidence q0 = 0�; (e)–(h) for oblique
incidence q0 < qcr (q0 = 5�); (i)–(l) for the critical angle of incidence (q0 = qcr = 6.9�); and (m)–(p) for q0 >
qcr (q0 = 8�).
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[32] The conversion window decreases with an increase
in the gradient density scale length. So that for the heater
frequency w = 2p � 4 MHz and the density inhomogeneity
L = 10 km, the range of angles where transmission is
significant is about 8� (2�–10�), and for L = 20 km it is
5� (4�–9�). In the case when the frequency is increased
w = 2p � 6 MHz, the range becomes (3�–8�).

4.2. Parabolic Density Profile

[33] Let us now consider the parabolic model for the
electron density: N(z) = wcr

2 /w2[1 � (z � zc)
2/L2], where L is

the half-thickness of the layer, zc is the height of the density
peak, the critical frequency wcr is the maximum plasma
frequency of the profile, and wcr = w. The peak density is
about Nmax = 1.126 � 105 cm�3. The corresponding param-
eters for a model approximating a sporadic E layer at the
Tromsø site are we = 2p � 1.4 MHz, L = 1 km, w = 2p �
3 MHz, n = 104 s�1, and a = 13�.
[34] For various values of q0 = 0�, 5�, 10�, the real part of

refractive index function nO,X
2, is shown in Figures 6a, 6c,

and 6e. The influence of the geomagnetic field shows up as
a discontinuous behavior of the X mode to compare with a
smooth variation of the index function for the O mode.
There are two poles of the X mode, at z ’ 0.62 km and z ’
0.9 km, (dashed horizontal lines) and two reflection points
V = 1 below and above the density peak height, at z ’
0.68 km and z ’ 0.84 km (solid horizontal lines in
Figure 6a), which are near the density peak height. Since
the second branch of the X mode is relatively close to the
O-mode reflection layer, �R,1 ’ 60 m (that is less than a
wavelength of the incident wave), there is only partial
reflection for the O mode directly converted into the

Figure 4. The normalized amplitude of the total electric
field jEj for (a) q0 = 9�, (b) q0 = 10�, (c) q0 = 12�, and
(d) q0 = 14�.

Figure 5. The normalized amplitude of the total electric
field jEj for critical incidence q0 = 6.9� (a) absorbing PML
layer at the upper boundary and (b) reflecting upper
boundary.

Figure 6. The real part of refractive index function nO,X
2

and normalized amplitude of the total electric field jEj for a
sporadic E layer at Tromsø (parabolic density profile) for the
normal incidence (a), (b) q0 = 0�; for oblique incidence (c),
(d) q0 = 5�; and (e), (f ) q0 = 10�.
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electrostatic mode. The O mode penetrates further than the
layer V = 1 at z ’ 0.68 km and continues in Z mode.
However, the peak density is too low for the Z mode to be
reflected at the layer V = 1 + Y (the Z-mode critical density
is about 1.64 � 105 cm�3). There is no cut-off point for the Z
mode (second branch of the X mode in Figure 6a) in the
region from about 0.62 km to 0.9 km. Thus the Z wave
penetrates through the layer, that results in the reflection
above the density peak height at z ’ 0.84 km and the
resonance at z ’ 0.9 km (the second spike in Figure 6b). In
this case of normal incidence, the swelling in the jEj is quite
considerable (Figure 6b).
[35] For q0 < qcr (q0 = 5�, qcr = 7.29�) (Figures 6c and 6d),

the distance between the reflection point and the pole is
decreased, allowing for the wave to penetrate further than
the critical layer V = 1 and for more efficient conversion of
the incident O wave into a Z mode. The total amplitude jEj
(Figure 6d) is reduced because the ratio between transmitted
and reflected parts of the incident energy flux is increased.
One can see that a part of the incident energy is transmitted
through the layer and, finally, it is absorbed in the PML
layer. An increase in the electric field in the region between
two reflection heights (V ’ 1) is due to the wave penetrating
through the layer. Similar results are obtained for the q0 > qcr
(Figures 6e and 6f). Here the reflection height of the O
mode incident with q0 = 10� at the lower boundary is at z ’
0.61 km that is below the resonance height. However,
because of the distance between the reflection and reso-
nance layer is only about 10 m, the larger part of the
incident energy is transmitted through the layer that results
in the enhancements of the fields at the upper layers, above
the density peak height. The topside E-region enhancements
observed in the experiment at the EISCAT facility near
Tromsø [Rietveld et al., 2002], are likely due to linear mode
conversion, Z-mode propagation through the E-region peak,
and excitation of instabilities by the Z-mode wave [Mishin
et al., 1997; Isham et al., 1999].
[36] For the cases shown in Figures 7a–7f, we used

parameters typical for the sporadic-E layer at Arecibo.
The electron density profile is approximated with the
function N(z) = N0[1 + Ñmaxexp( � (z � zc)

2/L2)], where
Ñmax is the density at the maximum normalized to N0 = 0.2 �
105 cm�3 so that the peak density Nmax = 1.4 � 105 cm�3, zc
is the height of the density peak, and L is the characteristic
height. The corresponding parameters were we = 2p �
1.1 MHz, L = 0.5 km, w = 2p � 3.175 MHz, n = 2. �
104 s�1, and a = 42�. The real parts of refractive index
function for the O mode and the X mode are in Figure 7a for
q0 = 0�, Figure 7c for q0 = 15�, and Figure 7e for q0 = 24�.
The amplitudes of the total electric field jEj are shown
in Figures 7b, 7d, and 7f for the cases in Figures 7a, 7c,
and 7e, respectively. In Figure 7a, there are two reflection
points V = 1 below and above the density peak height at
z ’ 0.84 km and z ’ 1.16 km shown with horizontal solid
line and two poles at z ’ 0.8 km and z ’ 1.2 km (dashed
horizontal line). In Figure 7b, prior to the maximum there is a
standing wave pattern formed by the reflection of the ordi-
nary mode, which is transformed into a Zmode at the critical
layer V = 1. The O-mode reflection occurs at the density
Nmax = 1.25 � 105 cm�3. In order for the Zmode to be reflected
at the layer V = 1 + Y, the peak density Nmax should be larger
than NV=1+Y = 1.69 � 105 cm�3. In this case, the peak density

does not reach the value needed for the Z-mode reflection at
the level V = 1 + Y so that the Z mode penetrates further,
resulting in an increase of the electric field at the higher level
z ’ 1.2 km. For oblique incidence (Figures 7d and 7f), the
larger part of the incident energy is transmitted through the
coupling point at about z ’ 0.8 km, shown as an increase in
the fields in the region between two cut-off points (V = 1)
with the peak at the upper layer, at z ’ 1.2 km. In these
simulations with the parameters for the midlatitude facility at
Arecibo, the swelling in the electric field is less marked than
that for the high-latitude simulation at Tromsø.

5. Two-Dimensional Simulation Results

[37] For the 2-D simulations of the wave propagation in a
density with the overdense blobs in the E layer at Arecibo,
we use a model of a two-dimensional electron density
profile to approximate the electron density patch associated
with the sporadic-E layer. Our investigations focus on

Figure 7. The real part of refractive index function nO,X
and the normalized amplitude of the total electric field jEj
for a sporadic E layer at Arecibo for normal incidence (a),
(b) q0 = 0�; for oblique incidence (c), (d) q0 = 15�; and (e),
(f ) q0 = 24�.
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determining localized mode-conversion and resonance
regions where plasma waves can be created. The linear
mode conversion process, which involves the production of
electrostatic waves, has been discussed using the 1-D
simulation results of radio wave propagation with linear
and parabolic electron density profiles. Due to the sharp
density gradient in the E region, a coupling of the O mode
to a Z mode occurs at a normal incidence. Finally, after
reflection a Z wave can be converted into the plasma wave
near the region V = 1. In this region, due to the enhancement
of the field, the threshold for the PDI instability can be
exceeded, which leads to the generation of the Langmuir
wave and strong Langmuir turbulence. Langmuir turbulence
is considered to play an important role in the creation of fast
energetic electrons and the production of regions of ob-
served enhanced airglow [Bernhardt et al., 1989; Newman
et al., 1998].
[38] The generation of observed structures in the ion layer

over Arecibo (at an altitude of 120 km) has been explained
by Bernhardt [2002] as a Kelvin-Helmholtz modulation in
the ion-layer densities. To approximate these structures, we
consider the 2-D density profiles (shown in Figures 8a–8c)
N(x, z) = N0[1 + Ñmaxexp( � (x � xc)

2/Lx
2 � (z � zc)

2/Lz
2)]

with the characteristic height in the z direction Lz = 0.25 km
and characteristic width in the x direction Lx = 2 km. zc and
xc are the height and the width of the center of the patch.
Here N0 = 0.2 � 105 cm�3 and a peak density is 1.8 �
105 cm�3 (Figure 8a) and 2.2 � 105 cm�3 (Figure 8b). In
Figure 8c the characteristic height of the patch is increased
to Lz = 0.5 km and the peak density is 1.4 � 105 cm�3. The
parameter values used in these calculations are typical for
the E region at Arecibo [Bernhardt, 2002]. They are the
wave frequency w = 2p � 3.175 MHz, a = 42�, the effective
electron collision frequency n = 2 � 104 s�1, and the electron
cyclotron frequency we = 2p � 1.1 MHz. The calculation
domain of 516 nodes in the x and 1024 nodes in the z
directions was considered. The grid sizes are �x = 11.3 m
and �z = 1.95 m so that there are about 8 and 48 points per
wavelength in the x and z directions, respectively. For the
simulations in Figures 9g–9i �x = 15 m.
[39] In Figures 9a–9i we display the contours of the 2-D

standing wave patterns of the total electric field amplitude

jEj (Figures 9a, 9d, and 9g), the components of the electric
field jEzj (Figures 9b, 9e, and 9h), and jExj (Figures 9c, 9f,
and 9i) for the 2-D density profiles shown in Figures 8a–8c,
respectively. The wave with the amplitude normalized to
unity was incident at the lower boundary of the domain, and
the top boundary was approximated with about 1.4 wave-
lengths PML layer to absorb the outgoing energy. One
would expect some reflection from the right and left
boundaries because of the 2-D electron density profile, if
absorbing boundaries would not be applied for the side
boundaries. In order to avoid reflections, the PML layers
with a 10-point length that is less than two wavelengths are
applied at the right and left sides of the domain. Thus there
are no visible reflections from the top boundary and from
the right and left side boundaries as well. One can see that in
the regions of about 1.4 km from both sides (Figures 9a
and 9d) and about 2 km (Figure 9g), the waves propagate
vertically, and the amplitude of the total electric field is
unity. Usually, the wave passes through the E region
because the densities are too low and the local plasma
frequency cannot match the incident wave frequency. How-
ever, because of the presence of the overdense patch
represented by the two-dimensional density profile, the
wave is reflected. The total electric field contour plots in
Figures 9a, 9d, and 9g demonstrate the Airy pattern formed
by the reflection of the O mode; also it is clearly seen on
contour plots of the amplitude of the jExj field component
(Figures 9c, 9f, and 9i). The curved region of the enhanced
field amplitudes shown at the altitude near the resonance
layer V1 (about 0.5 km in Figures 9a and 9d and about
0.7 km in Figure 9g) corresponds to the region of electro-
static wave generation. In Figures 9d and 9e, the magnified
fragments reveal the details of the field enhancements in the
selected narrow regions. In Figures 9a and 9g, the regions
with the largest peaks of the electric field are shifted to the
left side in the x direction. These regions are asymmetric
due to the inclination of the magnetic field (see also the field
component jEzj in Figures 9b and 9h).
[40] In Figures 9a and 9b, there are traces of the reflection

at the higher altitude (about 0.9 km) which corresponds to
the reflection point V = 1 above the density peak. In this
case, the peak density is larger than the density at which the

Figure 8. The 2-D density profiles for a sporadic E region patch at Arecibo (a = 42�) (a) with a peak
density of 1.8 � 105 cm�3, (b) 2.2 � 105 cm�3, and (c) 1.4 � 105 cm�3.
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Figure 9. The contours for the 2-D standing wave patterns of the total electric field amplitude jEj, jEzj,
and jExj for the 2-D density profile (a)–(c) Figure 8a, (d)–(f ) Figure 8b, and (g)–(i) Figure 8c. See color
version of this figure at back of this issue.
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Z mode can be reflected at the layer V = 1 + Y. However, the
Z-mode reflection height is near the height of the density
peak so that the Z mode can penetrate through the layer and
is reflected at the layer V = 1 above the density peak. Note
that the peak of the density profile (Figure 8b) for the
simulation in Figures 9d–9f is larger than that (Figure 8a)
for the simulations in Figures 9a – 9c. In this case
(Figures 9d–9f), the Z-mode reflection height is at a larger
distance from the density peak height than that for the case
in Figures 9a–9c. Thus the Z mode is completely reflected
at the layer V = 1 + Y at about z ’ 0.64 km and there are no
traces of reflection at the higher level z ’ 0.9 km. However,
the patch is more narrow at the edges and the reflection at
the altitudes higher than the layer V = 1 + Y can occur.
[41] For the simulations in Figures 9g–9i, the character-

istic height Lz (Figure 8c) is two times larger than that in
Figures 8a and 8b. Also, note that the peak density is
smaller than that for the simulations in Figures 9a–9f. In
this case (Figures 9g–9i), the O-mode reflection occurs at
the height near the density peak height and the peak density
is too low for the Z mode to be reflected at the layer V =
1 + Y. Thus the wave can penetrate through the layer and
then evanesce in the absorbing layer at the top boundary.
Similar results were obtained for the 1-D cases considered
above (Figures 7a–7f) with the 1-D density profile which
coincides with the 2-D density profile at x = Lx/2.

6. Conclusions

[42] We have presented the full-wave 1-D and 2-D
numerical models of propagation of HF radio waves in
inhomogeneous magnetized plasmas. The models are uti-
lized for simulating the propagation of waves that are totally
or partially reflected from the ionosphere. The simulations
allow one to describe the process of linear conversion of
electromagnetic waves into electrostatic waves. The wave
patterns for the components of the full three-dimensional
wave at the reflection and resonance regions are calculated
for the linear and parabolic density profiles.
[43] The inclusion of the geomagnetic field and electron

collisions into the model is essential in calculating the
electric field patterns. It was demonstrated that the effect
of the geomagnetic field results in an increase of the electric
field which is much larger than that for the isotropic case.
We have shown that the swelling of the electric field is more
marked at the higher latitudes (Tromsø) than that for the
lower latitudes (Arecibo). The swelling calculated for the
Tromsø and Arecibo cases are consistent with the results
obtained by Lundborg and Thide [1986].
[44] In the case ofwave propagation inmagnetized plasmas

when the geomagnetic field is at an angle to the density
inhomogeneity or the wave is incident obliquely, the electric
field parallel to the density gradient is finite and it is larger
than the transverse electric field. Themaximum of the electric
field corresponds to the point where the wave approaches the
resonance layer V1, at which the plasma wave can be excited.
It was demonstrated for the 1-D oblique incidence cases that
the Omode has an access to the resonance region at a certain
range of angles that determines the width of the ‘‘conversion
window’’ [Mjølhus, 1990], which depends on density inho-
mogeneity. TheOwave, transmitted through the ‘‘conversion
window,’’ can be reflected at the upper layer and this leads to

the ‘‘tripling’’ effect occurring in propagation of short radio
waves (U < 1) [Ginzburg, 1970]. Also, the outshifted plasma
lines (HFOL) observed during the experiments [Isham et al.,
1996], as considered byMishin et al. [1997], are originated at
the Z-mode reflection layer. For oblique incidence in a
parabolic density profile, the enhancement of the energy at
the upper layers above the density peak has been demon-
strated. The topside E-region enhancements observed in the
experiment at the EISCAT facility near Tromsø [Rietveld et
al., 2002] are considered likely to occur due to linear mode
conversion, Z-mode propagation through the E-region peak,
and excitation of instabilities by the Z-mode wave [Mishin et
al., 1997; Isham et al., 1999].
[45] We have investigated the 2-D wave propagation in a

density with the overdense patches observed in the RIF
images [Djuth et al., 1999; Kagan et al., 2000] of a
sporadic-E layer. These patches, created as a result of the
ion-layer modulation by the Kelvin-Helmholtz instability in
the neutral atmosphere [Bernhardt, 2002], were approxi-
mated with two-dimensional electron density profiles. The
results of our 2-D simulations demonstrate the generation of
the localized mode-conversion and resonance regions. The
amplified intensity in these regions may exceed the thresh-
old for the parametric decay instability leading to the
excitation of Langmuir waves and generation of strong
turbulence. These nonlinear processes can facilitate accel-
eration of fast energetic electrons resulting in the enhanced
airglow observed in the experiments [Bernhardt et al.,
1989; Newman et al., 1998].
[46] We note finally, that the localized enhancement of

the electric field due to linear mode conversion is likely to
initiate various plasma phenomena [Wong et al., 1981]. One
such phenomenon is excitation of density irregularities by
radio wave heating, which has been attributed to the SFI.
The modification of the density will affect wave propaga-
tion; thus, in this case, the wave equations must be solved
self-consistently with the density and temperature evolution
equations. The investigations of the full nonlinear 2-D
evolution of the SFI for arbitrary geometry of the HF radio
wave propagation and determining the effect of the mode
conversion process on the nonlinear evolution are subjects
of our future studies.
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Figure 9. The contours for the 2-D standing wave patterns of the total electric field amplitude jEj, jEzj,
and jExj for the 2-D density profile (a)–(c) Figure 8a, (d)–(f ) Figure 8b, and (g)–(i) Figure 8c.
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