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Frequency Increase and Damping of Nonlinear Electron Plasma Oscillations
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Radial electron plasma oscillations excited by a laser wake field are measured by frequency domain
interferometry. In the nonlinear regime we observe two important effects: (i) an increase of the
oscillation frequency and (ii) the damping of the oscillation in a few plasma periods. Simulations
show that this last effect is related to the presence of a steep radial density gradient near the focus edge
[S0031-9007(97)03054-8]
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The electrostatic field associated with an electr
plasma wave (EPW) can reach hundreds of GVym and
can have a relativistic phase velocity, making it ve
attractive in compact high energy particle accelerat
or sources [1]. The ponderomotive force of an inten
laser pulse can excite such waves via the laser b
wave (LBW) [2], the laser wake field (LWF) [2] or the
self-resonant LWF (SRLWF) processes [3]. Seve
experiments have observed the acceleration of injec
electrons by the LBW [4–7] and the LWF [8], or o
background electrons by the SRLWF [8,9]. Electric fiel
of the order of the GVym for the LBW or the LWF, and
of 100 GVym for the SRLWF have been produced. A
overview of these methods and experiments can be fo
in Ref. [10]. If these experiments have demonstrated
feasibility of each concept, direct measurements of
EPW have been done only in LBW experiments [5,7].

Radial (cylindrical) electron density oscillations pro
duced by the LWF process have recently been obser
by frequency domain interferometry of short laser puls
The oscillations have been measured with a temporal re
lution much better than the electron plasma period [11,
and spatial resolution along the radius [11]. In this Let
we present measurements of the nonlinear frequency s
predicted by Dawson [13] and of the damping of the r
dial oscillations. The results are compared with numeri
simulations.

The basic theory of the cylindrical LWF, the frequenc
domain interferometry diagnostic, the experimental se
and procedure have been presented in detail in a pr
ous publication [11]. We summarize here the experim
tal parameters. The LOA 10 Hz Ti:sapphire laser deliv
pulses with an energy of 40 mJ, a duration of130 6 10 fs
(FWHM), and a wavelength of 0.8mm. 20% of this in-
coming beam is used to create the probe beam. I
frequency doubled and sent to a Michelson interfero
eter to generate two collinear pulses of adjustable ti
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separation. The time delay between the pump and t
probe pulses is varied with a delay line. The pump an
probe pulses are collinearly propagated and focused
a chamber backfilled with helium gas. The gas pre
sure is controlled with a precision of60.001 mbar by
a capacitance manometer. The pump beam has as 
6 6 1 mm focal spot radius (1ye in intensity), while the
probe radius is 140mm. The maximum pump intensity
is 2 3 1017 Wycm2, leading to fully ionized helium gas
around the focus [14]. The focal plane is imaged o
the slit of a spectrometer. The time separation of th
two probe pulses is adjusted to1.5Tpe (Tpe  2pyvpe
is the EPW period for fully ionized helium), so that the
phase difference between the two pulses is due to t
peak to peak density perturbation. The spectrometer gr
ing stretches the two probe pulsessø60 psd and makes
them overlap in time. The temporal beating creates a sy
tem of fringes in the frequency domain. The position o
the fringes depends on the relative phase between the t
pulses. The fringes at the output of the spectrometer a
recorded on a 16 bit charge-coupled device camera. T
horizontal axis gives the position of the fringes (relate
to the density perturbation), and the vertical axis gives
one-dimensional spatial (radial) resolution.

A typical result of the relative phase measurement
shown in Fig. 1. The horizontal axis is the time dela
between the pump and the probe pulses, while the vertic
axis is the spectrometer slit axis. The left part 1(A) o
this image corresponds to the case where the pump pu
is between the two probe pulses. The measured pha
shift comes from the plasma formation. Its amplitud
and spatial extent represent the integration along the la
axis of the regions one and two times ionized. The righ
part 1(B) of the image starts when the second probe pu
enters the plasma. The continuous phase shift vanish
and only the oscillating phase shift coming from th
plasma perturbation (due to the EPW) remains. Becau
© 1997 The American Physical Society 3463
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FIG. 1(color). Typical result of the phase shift measureme
Parts (A) and (B) have different color scales. The bott
graph is a line out of part (B) along the laser axis.ne 
2.47 3 1016 cm23.

the laser wake field is significant only in regions of hig
laser intensity, the phase shift in part 1(B) has a mu
smaller extent (pump focal spot diameter) than in p
1(A). More details on these spatial profiles can be fou
in Ref. [11].

Figure 2 gives the maximum phase shift measured
the laser axis, as a function of the electron density (ass
ing a fully ionized He gas). Each point is an average
40 shots at 10 Hz. It shows the LWF quasiresonance
dn. The relation between the phase and the density pe
bation is obtained by integrating the perturbation along
laser axis. For a cylindrical EPW [11],dn is proportional
to s24  s

24
0 s1 1 z2yz2

Rd22, so that the phase differ
ence isDf  p2sdnmaxync1d szRyl1d expf2svpet1y2d2g,
wherel1 andnc1 are the probe wavelength and its critic
density, and wherezR  2ps2yl is the pump Rayleigh
length. The solid line is a numerical fit using the expre
sion of dnr  Avpet expf22svpety2d2g obtained from
the linear theory [15], where the adjustable parameters
an amplitudeA and the pump and the probe pulse du
tion t. The factor 2 in the exponential comes from t

FIG. 2. Maximum phase shift (filled circles) on the laser a
versus the electron density and numerical fit (solid line) of
form Avpet expf22svpety2d2g; relative density perturbation
times the pump Rayleigh length (empty circles) and numer
fit (dashed line) of the formB expf2Cv2

pegyvpe.
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temporal convolution induced by the probe pulse temp
ral envelope: For a Gaussian envelope and a sinuso
perturbation, the convolution decreases the phase shif
expfsvpet1y2d2g, wheret1 is the half width at1ye in in-
tensity of the probe pulse. The best fit is obtained f
t  84 fs sFWHM  140 fsd, in good agreement with the
laser pulse duration. The productzRdnyne obtained from
the above formula is presented in Fig. 2 (empty circle
The dashed line is a numerical fit using the express
of dnyne  B expf2Cv2

pegyvpe obtained from the linear
theory [11,15]. In opposition with longitudinal oscillation
where bothdn and dnyne present a resonance, one ca
see that radial oscillations have no resonance indnyne,
and that the lower isne, the larger isdnyne. In this ex-
perimentzR ø 100 mm so that the relative density per
turbation at the focus isdnyne ø 10% at the resonance
in dn sne ø 1017 cm23d and reachesdnyne ø 100% for
ne # 1016 cm23.

An example of the phase shift (along the laser ax
versus time (pump-probe delay) is presented on the li
out of Fig. 1. We applied to these curves a numeric
fit of the form Dfmaxexpf2gst 2 t0dg sinfvpst 2 t0dg.
The damping rateg and the frequencyvp of the electron
oscillations are deduced from these fits. The relati
difference svp 2 vpedyvpe between the measured fre
quencyvp and the theoretical linear plasma frequency
presented in Fig. 3 as a function of the electron dens
ne. A positive shift (frequency higher than the theoret
cal linear frequency) can be clearly seen. It increas
when the electron density decreases, and reaches
for ne ø 1016 cm23. The results of the numerical code
WAKE originally developed by Mora and Antonsen [16
have been added on this figure (empty triangles).
is a 2D (cylindrical), fully relativistic particle-in-cell
code, where the laser field acts on the particles via
ponderomotive force. The new version of the code us
here simulates also the plasma formation (by tunneli
ionization), the propagation of the two frequency doubl
probe pulses, the imaging lens, and the time dom

FIG. 3. Shift of the electron plasma frequency as a functi
of the electron density. The empty triangles are the results
the codeWAKE.
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interferometry. Only the residual energy produced dur
the ionization is not self-defined but controlled by givin
to the generated electrons a Maxwellian radial veloc
distribution. The frequency shift calculated by the co
is in good agreement with the measurements. Let
note that even if the density perturbation is nonlinear,
code indicates that the measured phase shift still ha
sinusoidal time evolution and a radial profile very clo
to the one obtained from linear theory. This is due to t
temporal convolution over the probe pulses, and to
integration along the laser axis. Applying the above fit
much later periods (where the EPW amplitude is small
shows that the shift disappears, both in the experiment
in the simulations. This indicates that the shift does n
come from an uncertainty in the pressure measurem
or from the delay-line calibration, but is related to th
nonlinear amplitude of the EPW. Few mechanisms c
modify the electron plasma frequency. In a hot plas
the frequency increases:v2

p  v2
pe 1 3k2y

2
th. Assuming

k ø 2ys leads to Dvpyvpe ø 6y
2
thyss2v2

ped. With
ne  1016 cm23, Te  50 eV, ands  6 mm the shift
should beDvpyvpe ø 4.5 3 1022, in good agreemen
with the experiment. However, the codeWAKE shows
that the electron temperature does not affect so m
the plasma frequency: Changing the temperature fr
0 to 50 eV leads to a period shift of a few1023, which
is ten times less than the simple model. In additio
the fact that the shift disappears after a few perio
indicates that it does not come from the electron tempe
ture, and that the above simple model might overestim
the wave numberk. The plasma period can also be mod
fied when the electrons of the EPW reach relativis
velocities [17]. This shift has recently been observed
Modenaet al. in SRLWF [18]. The increase of the elec
tron mass induces a decrease of the frequency (nega
shift). Our simulations show that the velocities of th
electrons do not exceedyyc ø 0.1 (at ne  10 cm23),
which leads to a shift of only20.25%. For multiple di-
mension oscillations, two other effects induce a frequen
modification. When an electron has an elliptic motio
current loops and magnetic field are produced [19]. T
magnetic field deflects the electron motion to third ord
in amplitude, which induces a decrease of the elect
plasma frequency. In the case of nonlinear cylindric
electrostatic oscillations [13], the radial displacement
an electron away from the center of symmetry produce
charge density at the center which is greater than in pla
geometry. This produces a stronger restoring elec
field and leads to an increase (positive shift) of the el
tron plasma frequency [Dvpyvpe ø sdryr0d2y12, where
dr is the electron displacement from its initial positionr0,
and dryr0 ø 1]. The total frequency shift depends o
the relative amplitudes of the thermal, the relativistic, t
electrostatic, and the magnetic effects, or in other wor
on the oscillation geometry and amplitude. In the cont
of the laser beat-wave accelerator, Bell and Gibbon [
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have shown that these effects can have similar amplitu
and comparable spatial profiles. The codeWAKE includes
all these effects. Both measurements and simulati
indicate that the electrostatic effect (frequency increa
is predominant in this experiment.

From the numerical fit presented in the previous pa
graph, we have also deduced the damping rateg. It is
presented in Fig. 4 as a function of the background d
sity ne. The empty triangles are the results of the co
WAKE. At high electron densitys.1017 cm23d, the damp-
ing is very slow (tens of periods) and our measureme
have not been made to sufficiently late times to give
precise measurement ofg. The solid line is a linear fit
and shows thatgyvp decreases roughly like1yne. Sev-
eral mechanisms can attenuate the oscillation. One
them is the fine scale mixing [13]: The frequency of th
oscillations depends on their amplitudes (cf. Figs. 2 a
3). Electrons with different equilibrium radii have differ
ent frequencies. After some time, crossings of electro
can occur and induce a damping. With a maximum fr
quency shift of 5% atne  1016 cm23, electrons should
appear with opposite phases after at least ten perio
which is five times longer than the observed dampin
Another possible mechanism is the convection: The d
sity perturbation propagates at the group velocityyg 
≠vy≠k, wherev2  v2

pe 1 2k2y
2
th. It reaches the edge

of the focus afterTC s 2ygd ø syyg. Assumingk ø
2ys, the characteristic normalized attenuation rate sho
be 2pgyvpe ø 24psy2

thys2v2
ped. It is linear with the

electron density and equal to 0.6 forne  1016 cm23,
Te  50 eV, ands, in good agreement with the exper
ment. However, this model is very crude, and simulatio
made in a preionized homogeneous plasma show a m
slower attenuation (ten times slower at1016 cm23), indi-
cating that neither the convection nor the fine scale mixi
can explain the observed damping. A good agreemen
obtained only if we take into account the ionization of th
gas. Two simulations made atne  1016 cm23 are pre-
sented in Fig. 5, one in a preformed homogeneous plas

FIG. 4. Damping rate of the electron oscillation versus t
electron density. The empty triangles are the results of
codeWAKE. The solid line is aAyne fit.
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FIG. 5. Radial electron trajectories at the focal plane ver
time obtained from the codeWAKE. The top graph is in a
homogeneous preformed plasma, while the bottom graph i
a plasma created by tunneling ionization of a helium gas.

(top graph), and the other in a tunneled-ionized helium
(bottom graph). They show the electron radial trajector
at the laser focal plane. At time 0, the electrons begin
to feel the ponderomotive force of the pump laser pu
and move away from the focus. After the laser puls
the electrons are pulsed back by the electrostatic field
oscillate at the plasma frequency. In the homogene
plasma, this oscillation decreases quietly with time.
the case of a plasma created by tunneling ionizati
two steep density gradients exist: at the He21yHe1 and
the He1yvacuum interfaces. When it is pushed by t
ponderomotive force of the laser pulse, an electron cl
to the He21yHe1 interface can explore the He1 region or
the vacuum. Thus it does not follow the collective motio
of the EPW and can come back into the plasma a
a few oscillations of the EPW. These electrons a
not in phase with the EPW and destroy the oscillatio
This damping mechanism is more important at lo
density because the electron excursion increases
dnyn (cf. Fig. 2). Let us note that it is a little bi
slower (two times at1016 cm23) in a cold plasma but still
remains important. A similar plasma edge effect has b
observed in PIC simulations by Bonnaudet al. [21] in the
case of an EPW excited in a planar geometry (longitudi
LWF) and in a cold plasma.

In conclusion, we have presented the first observat
of the damping of an electron plasma oscillation excit
by the laser wake-field process. The damping time (
3466
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pressed in electron plasma periods) is linear with the el
tron density. It goes from two periods at5 3 1015 cm23

to tens of periods for densities above1017 cm23. Our
simulations suggest that the presence of a steep den
gradient at the focus edge leads to the oscillation destr
tion. The frequency of the oscillations becomes larg
than the linear electron plasma frequency for nonline
EPW amplitudes. This constitutes the first observation
the frequency modification associated with nonlinear ele
trostatic oscillations excited in cylindrical geometry. Le
us note that the plasma frequency increase and damp
mechanisms we describe in this paper should not app
in the LWF accelerators, the electron oscillation of th
EPW being longitudinal in that case.
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