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k Spectrum of Finite Lifetime Passive Scalarsin Lagrangian Chaotic Fluid Flows
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The power law exponent for the wave number power spectrum of a passive scalar field in Lagrangian
chaotic flows is found to differ from the classical value-et (Batchelor’s law) when the passive par-
ticles have a finite lifetime for exponential decay. A theory based on the chaotic dynamics of the passive
scalar is developed and compared to numerical simulation results.

PACS numbers: 47.52.+j, 05.45.Jn, 47.20.Ky, 47.27.Ak

The advection of passive scalars by fluid flows is ofwhose fluorescence intensity is decaying exponentially, or
interest due to its relevance to many situations, such asf the concentration of a dissociatiagB chemical com-
industrial chemical mixing processes and various mixingpound undergoing the reactiohB — A + B. We find
phenomena of chemicals, pollutants, and temperature ithat the power spectrum of passive scalars with a finite
the atmosphere and oceans. If a passive scalar is injectéifktime still obeys a power law, but that the power law
into a chaotic flow, the passive scalar field is advectedexponent is different from the 1 of Batchelor'sk ! law
stretched, and folded due to the chaotic nature of the flowwhich is obtained for conserved passive scalars (infinite
This repeated stretching and folding results in the developlifetime). This has been previously found in numerical
ment of finer and finer structures in the passive scalar fieldvork by Abraham [8] with reference to plankton distribu-
until the fine scales are removed by diffusive smoothention and temperature in the ocean. We show here how the
ing. In particular, even in the absence of high wave numpower law exponent is determined by the dynamical prop-
ber velocity field structures, it is known that a weakly erties of the chaotic flow and the lifetime of the passive
diffusing passive scalar still shows the development of higtscalar.
wave number structures as long as the velocity field is The passive scalar field(x, r) evolves according to the
Lagrangian chaotic [1,2]. In aLagrangian chactic flow,  advection equation which we write in the form
two adjacent fluid elements convected by the flow diverge .
exponential!y in time. The wave ngmber power spectrum'M + 3(%.1) - Vo = kV2 + Sy() — D(F)¢b
has been widely used to characterize passive scalars. Itis 9¢
defined as (2)

Fylk,1) = 1/(27T)Dfdlz’C(l§’,t)5(k — &), (1) Whered(x,)is the fluid velocity field« is the diffusivity
R of the passive scalaf(x) is the source function of the

which is the average of (k, t) over all directions of the passive scalar, anbl(¥)¢ represents a loss term whereby
wave number vectot such thatllzl = k, whereC(k, t) the passive scalar field decays with time at the fate).
is the spatial Fourier transform of the two point correla-Without the D(X)¢ term, Eq. (2) is the conventional
tion function C(7,1) = (¢ (X + 7,1)¢(x,1)) (the angular convection problem of a conserved passive scalar. In
bracket denotes spatial average). About forty years ag(y\/hat follows, we will compare theoretical results with
Batchelor proposed &' power law for the power spec- direct numerical computations of the passive scalar using
trum of a passive scalar field that is continuously fed by & split step technique to solve Eq. (2). For the later
source at long wavelength [3]. Since then, many experipurpose, we consider a two dimensional square domain,
mental and theoretical efforts (including numerical simu-[—7, 7] X [—a, 7], with periodic boundary conditions,
lations) have been done to verify the validity for the! ~ and for the source and sink we choosg(x,y) =
law for the power spectrum [2,4—6]. sinesiny and D(¥) = ¥ [2 — Itanhx:—fl — [tanh "]

In this Letter, we address passive scalar advection iff]. (The caseD = const has also been simulated with
two dimensional P = 2 in Eq. (1)] Lagrangian chaotic  similar results.) For the velocity field(x, 1) we consider
flows, in the case where the passive scalar Hastelife-  a particular two dimensional flow which we obtain by
time for exponential decay. (Batchelor's considerationsdirect numerical solution of the Navier-Stokes equations
apply to the case of infinite lifetime.) The case of finite with spatially distributed forcing. The conditions for
lifetime is relevant in a variety of situations [7,8]. For in- the solution of the Navier-Stokes problefwiscosity,
stance, a passive scalar, which is advected by the velocifprcing, and a frictional forcefvv(x, r)]} were chosen
field in a system with a continuously injecting source and(see Ref. [6] for details) so as to obtain a flow that
a continuously removing sink, will typically spend a fi- mimics features observed in the experiments of Williams
nite time in the system. Other examples include the wavet al. [4]. In particular, since the Reynolds number is not
number power spectrum of the fluorescence of particletarge, the wave number energy spectrum of the flow is
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concentrated at relatively long wavelength; that is, the
power spectrum of the flow decays with increasing k
to negligible values very much before the wave number
region where the passive scalar spectrum is affected
by diffusion (high Schmidt number, S. = 200). For
example, the energy density in the velocity fieldat k = 10
is about 10~* of the energy density at k = 1. During the
course of the simulation, one can find 3—5 vortices in the
velocity field. These vortices slowly move around one
another and are spontaneously generated and annihilated
as time progresses.

The solid line in Fig. 1 shows the power spectrum of
the passive scalar from the direct numerical simulation
for parameter values k = 2.5 X 107>, y = 400, Lp =
277 /40, and a grid size of 1024?. The power spectrum is
obtained by time-averaging instantaneous power spectra.
Almost one decade of the scaling range in the power
spectrum is observed. The dashed line represents the
theory with F(k) ~ k=78 where ¢ = 0.5 for this
flow, while the diamonds represent the wave packet
model (WPM), which will be described subsequently.
Reasonable agreement between the theory and the direct
numerical simulation is observed, although for this value
of «x the scaling range is only about one decade. The
dotted line is plotted in order to alow the comparison
with Batchelor's k! law. (In the case without the sink,
our numerical computation of (2) is consistent with an
exponent of —1; see [6]).

Now, we discuss how we solve EqQ. (2) using the
eikonal-type wave packet model introduced by Antonsen
et a. in Refs. [2,10]. A modification in the WPM equa-
tions for our problem is required from the WPM equations
of the conserved passive scalar which is investigated in
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FIG. 1. Power spectrum of the passive scalar field. The solid
line is from the direct numerical simulation. The diamonds are
obtained using the wave packet model. The dashed line and
the dotted line are from our theory and Batchelor's k! law,
respectively.

[2,6]. InWPM, the passive scalar field is approximated by
a superposition of wave packets, ¢(x,1) = > ; ¢;(X,1),
where ¢ ;(x,1) is in the form of a modulated sinusoidal
function of x which is locaized about x = X; with a
characteristic wave vector k ;. Each wave packet attached
to the chaotic flow is governed by the following set of
ODFE's:

d)?j/dl‘ = l_;()?j,t), (3)
dk;/dt = —(VD) - k;, 4
dQ;/dt = —2kk;Q; — 2D(3)Q;, (5)

where X; and k ; are the location and the characteris-
tic wave number of the jth wave packet, and (); =
1/(2m)? [ dx|¢;|? isthe variance of the wave packet. Be-
cause of the chaotic nature of the flow, the characteristic
wave number of the wave packet increases exponentially as
time progresses, |k| ~ exp(ht) . Thefirst termin Eq. (5)
describes the effect of diffusion and the second term is due
toloss of the passive scalar (i.e., thefinite lifetime). If the
characteristic wave number of the wave packet is compa-
rable to ~1/./k or the location of the wave packet isin
the region where D (%) is large, a strong decrease in the
variance of the wave packet occurs. Under thismodel, the
power spectrum of the passive scalar can be expressed as

Fy™ () = Y 0lr = 40180k — 1011, (6)
J

where the summation is over al wave packets, and 7;(k)
is the time when the jth wave packet wave number
reaches k, and, in practice, we use (6) to form histogram
approximations to F 4.

To apply the wave packet method to our problem, we
steadily inject new wave packets at low wave number
in a random way over space and evolve them to higher
wave number using (3)—(5). The initia wave vectors
for the passive scalar wave packets are set to k = (1, 1).
The results at higher k& are insensitive to this choice.
The diamonds in Fig. 1 show the power spectrum of the
passive scalar obtained using the wave packet method.
The same diffusivity as the direct numerical simulation
case, k = 2.5 X 1077, isused. Wefind very good agree-
ment between the results from the full numerical simula-
tion and the results from the wave packet method. Better
conformity to the theoretical expectation is expected if the
diffusivity of the passive scalar is substantially reduced.
Such a reduction is not practical for our full numerical
simulation of (2), but is easily accommodated by wave
packet computations, which involve solving ordinary (as
opposed to partial) differential equations. The good agree-
ment between the two computation methods seenin Fig. 1
lends support to this approach. Accordingly, in Fig. 2 we
plot as a solid line the result for the case where a much
smaller diffusivity coefficient k = 2.5 X 10~ isused for
the wave packet model with the same velocity flow. A
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FIG. 2. Power spectrum of the passive scalar obtained using
the wave packet model for different diffusivities. The diamonds
are for k = 2.5 X 1073 and the solid line is for k = 2.5 X
10~° with the same chaotic fluid flow for both diffusivities.

clear power law behavior of the passive scalar spectrum is
observed over more than two decades of the spectral range,
and the power law exponent corresponds very well to the
theoretical prediction.

To see the nature of the decay of the scalar induced by
the loss term D(X)¢ (x, ) in Eq. (2), we proceed as fol-
lows. We steadily inject many wave packets distributed
randomly in space as described earlier and evolve their
variances according to Eq. (5) with x set equal to zero.
Figure 3 shows a semilogarithmic plot of the decay of the
total variance as a function of the time that the individual
wave packets stay in the system. This decay is exponen-
tial for a long time, as evidenced by the linear behavior
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FIG. 3. Semilogarithmic plot of the sum of variances (dots)
vstime. The dashed lineis Q ~ exp[—7/7.69].
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of the graph. The negative reciprocal of the slope of a
straight line fit then defines the average decay time T.
For our given flow, source, and sink, we obtain T = 7.69.

The power law exponent can be theoretically obtained
in the following way. Let A; = logk;/ky denote the ex-
ponentiation experienced by wave packet j. From Eqg. (6),
by averaging over wave packets with a fixed exponentia-
tion, we get

Fy(k) = k" HQ(m), (7)

where 7; = t;(k) — t;(ko) is the time difference between
the time when the jth wave packet is launched, ¢;(ko), and
the time when itswave number reaches k, ; (k) (or, equiva-
lently, the time which is required for a wave packet to
have a fixed exponentiation of A). Because of the expo-
nentially decaying property of the variances of the wave
packets, we can express (7) as Fy (k) ~ ke~ /7)) or

Fy(k) ~k‘1fa’hQ(h|/\)exp<—%>, )

where T is the average lifetime of the passive scalar.
Q(h|)) is the conditional distribution of the finite-
exponentiation Lyapunov exponent 7 = A/7 at fixed A
[10], and it is assumed in (8) that there is no correlation
between the lifetime of an individual wave packet and its
finite-time Lyapunov exponent ~. This will be verified
later. [From (8), we see that Fy ~ k~! in the limit
T — ] The finite-exponentiation Lyapunov exponent
distribution Q(k|A) can be related to the finite-time Lya
punov exponent distribution P(k|7) [11]. Itisknown that
the finite-time Lyapunov exponent distribution P(k|7)
has an asymptotic form ~ exp[—7G(h)] for alarge r ina
chaotic dynamical system, where G (k) has a minimum at
h with G(h) = G'(h) = 0, G"(h) > 0[12]. Utilizing the
relationship between 7 and 7, h = A/7, a scaling form
of Q(hlA) ~ exp(—A %) for large A, can be obtained.
(A more detailed discussion of the relationship between
Q(h|A) and P(h|7) can be found in [10].) For alarge A
(corresponding to large k) the integration in (8) can be
approximated by

Fy(k) ~ %jdh expl—AH(h)] ~ k%f (9)

where  H(h) = h"'G(h) + (hT)™! and &=
min[H(h)] = H(h"), with #* given by H'(h*) = 0.
To verify the theory, G(h) is numerically obtained from
a histogram approximation to the finite-time Lyapunov
exponent distribution P(h|7) which is computed using
many wave packets initially spread randomly over space.
From the results of this histogram, we obtain G(k) using
a cubic polynomial fit to 7~ 'InP(k|7). The assump-
tion of no correlation between the lifetimes of individual
wave packets and their finite-time Lyapunov exponents
is checked in the following way. We modify Eq. (5) to
dQ;/dt = —2kk;Q; — Q;/T. Thus (as in the case of
a spatialy uniform D), all ;(r;) decay exponentialy at
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TABLE I. T is the lifetime of the passive scalar, 1 + &, is
the numerically measured power law exponent, and 1 + &, is
from our theory. The spectral ranges linear fitted to measure
the power law exponents are log,,k = [0.7,1.7], [0.65,1.6],
[0.65,3.0], and [0.65,1.6] for the direct numerical simulation,
WPM1, WPM2, and WPM3, respectively.

Direct numerical simulation 1.60 1.50
WPM1 7.69 1.60 1.50
WPM2 7.66 1.53 1.50
WPM3 7.69 1.62 1.50

the same rate (~¢~"/") independent of the individual dy-
namics of the wave packets if the diffusivity is negligible.
Then, we solve the new set of WPM equations based on
the same velocity flow as before. We have obtained es-
sentially identical results for F, over most of the spectral
range. A comparison of results is presented in Table I.
WPM1 and WPM2 are from the WPM results presented
in Figs. 1 and 2 with diamonds and a solid line, respec-
tively. WPM2 is the same case as WPM1 except that
a smaller diffusivity (k = 2.5 X 107°) is used to verify
our theory which is partially obstructed by relatively high
diffusivity in WPM1. WPM3 is the case designed to
check the independence between the individual lifetime
of the wave packet and the finite-exponentiation Lya-
punov exponent as described earlier.

The reason why the decrease of the power spectrum is
steeper with finite lifetime is that, as scalar variance is
transported to larger k, it is also being steadily removed.
This picture can be used to obtain a simple, but rough,
mean-field-type estimate of ¢, as follows [13]. We
neglect fluctuations of the finite-time Lyapunov exponent,
and take the stretching to be constant in time at 4 for
al orbits, where # is the usual (infinite-time) Lyapunov
exponent. Thus, in place of (4) we have dk/dt = hk.
Balancing the flux of scalar variance in k space with
the loss due to finite lifetime, we have, 9/d(hkFy) =
—F,4/T. This gives &yr = (hT)~'. However, since
& =min[H(h)]and H(h) = (hT)" ! = &y, we see that,
in general, ¢ is less than (hT)~!. For example, for the
case of Fig. 2, we have &yr = (AT)™' = 0.65, while
& = min[H(h)] = 0.50. In another case, with smaller T,
we have found dtill larger discrepancy between &y,r and
& = min[H (k)] (with the later agreeing well with the full
numerical simulation).

In conclusion, we have obtained a new power law
F(k) ~ k=% for the power spectrum of afinitelifetime
passive scalar field convected by a chaotic flow [14].
The power law exponent, —(1 + ¢) (different from the
Batchelor's k! law), is found to be determined by the
dynamical property of the chaotic flow and the lifetime of
the passive scalar.

This work was supported by ONR. We thank J.P.
Gollub, G. Yuan, and M. Dutta for useful input.

[1]

(2]

(3]
[4]

(5]
(6]
[7]

(8]
[9]

[10]

(11]

[12]

[13]
(14]

*Department of Physics.
TDepartment of Electrical Engineering.

For example, H. Aref, J. Fluid Mech. 143, 1 (1984);
T. Dombre, U. Frisch, J M. Greene, M. Henon, A.
Mehr, and A.M. Soward, ibid. 167, 353 (1986); D.V.
Khakhar, H. Rising, and J. M. Ottino, J. Fluid Mech.
172, 419 (1986); J. M. Ottino, The Kinematics of Mixing:
Stretching, Chaos, and Transport (Cambridge University,
Cambridge, England, 1989); C. Jung, T. Te, and E.
Ziemniak, Chaos 3, 555 (1993); R. Pierrehumbert, Chaos
Solitons Fractals 4, 1091 (1994); E.R. Weeks, J.S.
Urbach, and H.L. Swinney, Physica (Amsterdam) 97D,
291 (1996); J.C. Sommerer, H.-C. Ku, and H. E. Gilreath,
Phys. Rev. Lett. 77, 5055 (1996).

T. Antonsen, Jr., Z.F. Fan, and E. Ott, Phys. Rev. Lett.
75, 1751 (1995); Phys. Fluids 8, 3094 (1996).

G.K. Batchelor, J. Fluid Mech. 5, 113 (1959).

B. S. Williams, D. Marteau, and J. P. Gollub, Phys. Fluids
9, 2061 (1997).

X.-L. Wu, B. Martin, H. Kellay, and W.L. Goldburg,
Phys. Rev. Lett. 75, 236 (1995).

G.-C. Yuan, K. Nam, T.M. Antonsen, Jr., E. Ott, and P.N.
Guzdar, Chaos (to be published).

Z. Neufeld, C. Lopez, and P.H. Haynes, Phys. Rev. Lett.
82, 2606 (1999).

E.R. Abraham, Nature (London) 391, 577 (1998).

With a small value of Lp and large value of y we
may view the D(x)¢ term as approximating an absorbing
boundary at x = 7. In avery rough way, this may be
thought of as a model for the situation in the experiment
of Ref. [4] where the passive scalar is removed by outflow
at the boundary in one end of the flow domain.

C. Reyl, T.M. Antonsen, Jr., and E. Ott, Phys. Rev. Lett.
76, 2270 (1996); Physica (Amsterdam) 111D, 202 (1998).
Q(h|X) can be thought of as being obtained by releasing
many particles and following them until their attached
tangent vectors experience a fixed exponentiation A.
Different particles take different amounts of time 7; to
achieve this exponentiation, and the associated finite time
Lyapunov exponent is h; = A/7;. In contrast, for P(h|7)
we follow each particle for the same amount of time 7
and h; = A;/7, where A; is the exponentiation seen by
particle j and is different for different particles (differ-
ent j).

E. Ott, Chaos in Dynamical Systems (Cambridge Univer-
sity, Cambridge, England, 1993), and references therein.
For 7 — oo, we see from the asymptotic form of P(h|7)
that the distribution becomes more and more sharply
peaked about 7 = h, which therefore corresponds to the
value of the usua infinite time Lyapunov exponent that
applies for almost all initial conditions.

E. R. Abraham (private communication).

In experiments with finite lifetime, the criterion for seeing
Batchelor's k! law is that the exponential lifetime T be
large compared to the stretching time, 27 > 1 (implying
that £ < 1). Our results show what happens when thisis
not the case. For Ref. [4], it appears that AT > 1 so that
the nonobservance of Batchelor's law in this experiment
is not due to finite lifetime. A configuration where hT
can clearly be of order 1 is the experiment of Sommerer
et al. [1].
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