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Chapter 1

| ntroduction



The field of Dynamical Systems and Chaos has experienced a highly nonlinear
growth over the past few decades. Besides major progress in topics as bifurcations,
crises, basin boundaries and others, laying the mathematical foundations, new fields
such as Control and Synchronization of Chaos have emerged, addressing more practi-
cal questions.

This Ph.D. thesis contains a little bit of both. The second Chapter is devoted to a
problem in Phase Synchronization of Chaos. Phase Synchronization of Chaos occurs
as aresult of aweak interaction between dynamical systems. From the practical point
of view, it offers a new valuable method of testing interdependence between time se-
ries, which found numerous applications in Neuroscience and Communications. The
second Chapter discussed the situation where two periodic systems compete to entrain
achaotic oscillator. Phase Synchronization of Chaosisacommon phenomenon that is
expected to play amajor role in disentangling the secrets of nature.

The third Chapter presents a more theoretical problem with far reaching practical
implications, which is the Saddle-Node Bifurcation on a Fractal Basin Boundary. At
first, it may seem puzzling that a saddle-node bifurcation may occur exactly on afractal
basin boundary, which is a zero Lebesgue measure set. However, not only does this
type of bifurcation happen, but it aso relates to the Wada property of fractal basins,
and it isaquite common occurrence in dynamical systems. From the practical point of
view, this problem belongs to the study of what happens when an attracting periodic
orbit is lost due to a parameter variation through a saddle-node bifurcation. When
the saddle-node bifurcation occurs on a fractal basin boundary, the attracting periodic
orbit collides with an unstable periodic orbit embedded in its own basin boundary (i.e.,
the basin boundary of the attracting periodic orbit). The fate of an orbit following

the location of the pre-bifurcation periodic attractor, as the system parameter drifts,



isindeterminate. 1t becomes difficult (or impossible) to predict what is the final state
reached by the orbit drifting past the saddle-node bifurcation. The study presented here
characterizes this difficulty analytically, and opens the road for experiments detecting

saddle-node bifurcations on fractal basin boundaries.



Chapter 2

Phase Synchronization of Chaosin the Presence of Two

Competing Signals



2.1 Prdiminaries

Phase synchronization of chaos has attracted much attention due to its applicability to
a wide range of situations including laser, plasma, fluid and biological experiments.
Synchronization of chaotic attractors with the phase of a periodic externally coupled
signal has been studied theoretically [1, 2, 3, 4, 5] and demonstrated experimentally
[6, 7]. Phase synchronization of coupled chaotic systems has also been studied [8, 9,
10, 11, 12, 13].

In order to define phase synchronism, assume that we are given two signals « and
b where both possess an oscillatory character, such that phases ¢, (¢) and ¢,(t) can, by
some appropriate means, be defined for the two signals. Here the phases ¢, ,(t) are
assumed to be continuous in time (i.e., they are not taken modulo 27), so that, if, for
two timesty > t;, wehave ¢, ,(t2) — dap(t1) = 2N, then we say that the phase ¢, ,
has executed N counter-clockwise rotations between time ¢, and time ¢,. (Thus, ¢,
is defined on the real line rather than on [0, 27|. Thisis refered to as the “lift” of the
angle)

Two types of phase synchronism can be distinguished: strong phase synchronism
and weak phase synchronism. In terms of the difference A¢(t) = ¢, (t) — ¢p(t), there

is strong phase synchronism between the signalsa and b if
~K < A¢(t) — o < K

for some constants K and ¢, (typically K ~ 7) and al timet. Thus, | A ¢| does not
increase without bound. In wesak phase synchronism | A ¢| may become arbitrarily
large with increasing time, but the behavior of A¢(t) asafunction of time manifests
correlations between the two phases (examples will be given subsequently).

In this chapter we consider the case where two periodic signals compete to en-



train a chaotic oscillator. There are severa possible motivations for this study. First,
there may bereal situationswhere a chaotic dynamical system simultaneously receives
inputs from two distinct periodic systems (e.g., a neuron receiving signals from two
other neurons). Second, the study of a signal with two frequencies can be regarded
as a next step from the single frequency case in obtaining an understanding of phase
synchronization of chaos by signals with nontrivial frequency power spectra (Sec. 4).
Third, this situation is a generalization of the problem in which two periodic signals

compete to entrain a nonlinear periodic oscillator.

2.2 Model Dynamical System

We consider a specific model system consisting of amodified chaotic Roessler [14] os-
cillator coupled to atwo frequency input signdl, s(t). If we denote the regular Roessler
systemby dx/dt = R(x), wherex” = (x(t), y(t), z(t)), then our modified (undriven)
system is[4] dx/dt = f(x)R(x), where f isa scalar function of x that is positive
in the region of the chaotic attractor. This modification of the Roessler system does
not change the topology of the trgjectory curvesfollowed by orbitsin phase space, but
it does modify the speed with which orbits move along these curves. The motivation
for doing this [4] is that the original Roessler system displays a frequency spectrum
with a near-delta-function-like feature, corresponding to the average period for an or-
bit to circulate arround the attractor. This type of behavior is typically not present or
expected in the experimental studies[6, 7, 9, 10, 11, 12, 13]. By our modification, we
introduce enhanced dispersion in the time for an orbit to circul ate around the attractor,

and hence the width in the Fourier peak. Wetake f(x) = 1 + o(r? — 7?), o = 0.002,



r? = 2?4 4%, with ¥ equal to the time average of r for the unmodified and unentrained

Roessler system (77 = 5.037) [15]. Our model system becomes [4]:

dr/dt = —[1+0.002(r* —7#)|(y + 2),
dy/dt = [1+40.002(r* —#)](z + 0.25y) + s(t), (2.1)
dz/dt = [1+40.002(r* — 7%)][0.90 + z(z — 6.0)],
where
s(t) = Ay cos(wit) + Ag cos(wat), (2.2)

and we have chosen the parameters of the Roessler system so that it isin the so-called
phase coherent regime (i.e., the x-y projection of the trgectory of the chaotic system
with A; = A; = 0 continually circles around z = y = 0, and the x-y projection of
the attractor appears to be shaped like an annulus with x = y = 0 in the hole of the
annulus). Our main goals in this study are to examine the illustrative system (2.1),
(2.2) in different regimes, and to delineate and explain the various types of observed
phenomena. We conjecture that the phenomena we observe for the system (2.1), (2.2)
are typical for general oscillatory chaotic systems subject to two frequency external

driving.

From studies of the phase synchronism of chaos by a single sinusoidal signal,
so(t) = Apsinwt, w = 27/T, [3, 4] it is known that the parameter space given by
the amplitude A, and period T of the signal typically displays atongue-shaped region
where the phase of the attractor locks with the phase of the periodic signd (i.e., per-
fect phase synchronism), as shown schematically in Fig. 2.1(a). For the purpose of the

subsequent discussion we also note that the two frequency entraining signal (2.2) can
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Figure 2.1: (a) Schematic of the parameter space Ay-1 for the case where there is a
single sinusoidal signal, s(t) = Agcos(2nt/T), coupled to the Roesser system. (b)
Illustration of various cases for the situation in which a signal, consisting of the sum
of two equal amplitude sinusoids, s(t) = A cos(2nt/T7) + A cos(2nt/T3), is coupled
with the Roesder system [T < Ty, Ty = 2111, /(11 + T5)]. The bold horizontal lines
represent the range of 7" over which phase synchronism occurs for a single sinusoidal

signal of amplitude A, = A.



Figure 2.2: Graphicd illustration of the definition of geometrical phase ¢(t) for a

chaotic orbhit.

be written in an alternate form,

s(t) = (A + Ag) cos[(wy + w2)t/2] cos|[(wy — wa)t/2]

+(Ay — Ay) sin[(wy + wo)t/2] sin[(wy — we)t/2]. (2.3

In most of our numerical work we have considered the case of equal amplitudes
A = Ay = A =0.06. (Later we will discuss the case where A; and A, are different.)
From (2.3), the entraining signal s(t) can be regarded as a modulated wave, a “fast

wave’ at the mean frequency

wy = (w1 + ws)/2
modulated by a*“slow wave” at the frequency

ws = (w1 — w2)/2,

where, for A; = A; = A, the modulating slow waveis



Table 2.1: Parameter values 77 and 15

case| T, | To
) |5.95|5.99
ii) | 5.90 | 5.99
iii) | 5.00 | 7.40
iv) | 5.00 | 5.99
v) |5.00 | 5.50

A(t) = 2A cos|(wy — ws)t/2].

In our numerical experiments (w; + ws) > (w1 — wq) > 0. Three periods will prove
relevant: 11 o = 2m/wy o and Ty = 27 /wy = 21115 /(T + T5). The geometrical phase
of an orbit (Fig. 2.2) isgiven by tan ¢(t) = [y(t)/x(t)] where the relevant branch of
tan ¢(t) = [y(t)/x(t)] is determined by the previously mentioned definition of ¢(¢)
as continuous in ¢; see Sec. 1. We investigate how ¢(t) is related to the phases of the
sinusoidal signals ¢, 2 = wy ot as well as to the phase based on the mean frequency

¢y = wyt. Asin previous studies, the phase differences,

Do s(t) = ¢(t) — dra.s,

are used to test phase synchronism between the chaotic orbits of our driven Roessler
system (2.1), (2.2) and one of the three phases ¢, ¢, or ¢;.

We notethat synchronismat ¢ = %(wl +ws9 )t can beviewed asa special case of the
general situation where [¢ synchronizeswith mae, +ngo,, wherel, m and n areintegers.

In this framework, synchronism with ¢ ; correspondsto! =2 and m = n = 1.

10
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Figure 2.3: (al,2) Difference between the geometrical phase of the attractor ¢ and
the phase of the first/second sinusoidal signal ¢, versus time t/7;. (bl,2) His-
togram approximations of the distribution functions P(A®, ), where A®,, =
[A¢12/(2m)] modulol. (c1,2) Stroboscopic sections at timest = nT; 5 (n iSan in-

teger) through the perturbed Roessler attractor, Egs. (1) and (2).

2.3 Results

We now report and discuss results of computations for several different choices of the
parameters 77 and 75,. These results serve to illustrate the main qualitative behaviors
that we havefound. In particular, we consider the five sets of parameter valuesgivenin
Table 1. For each of the parameter sets of Table 1 the disposition of the values T, T5
and T’y with respect to the tongue of perfect phase synchronism for a single frequency
driving signal isillustrated schematically in Figs. 2.1(b)-2.1(f). Wefirst give adetailed

account for case (i) followed by brief descriptions of the results for the other cases.

11



231 Case(i)

In this case there are clear intervals of time, lasting many rotations of ¢ or ¢ » ¢ [note
that (w; — wq)/wy < 1], when ¢ is entrained by ¢,. In such atime interval, the

fluctuation of A¢,/(27) islimited to within a narrow range, while

Dy /(27m) = Do/ (2m) — (w1 — wa)t/(27)
decreases with time at an average rate (w; — ws)/(27). This behavior is seen in
Figs. 2.3(al) and 2.3(a2) which show A¢,/(27) and A¢ps/(2m) versus ¢;/(2m) =
t/T; over a range representing over 10* rotations of ¢;. Refering to Fig. 2.3(a2),
plateaus representing locking of ¢ to ¢, are clearly evident and are indicated on the
figure by arrowheads (the longest of these plateaus represents approximately 500 ro-
tations of ¢). We also note that each plateau is centered at a value of A,/ (27)
that is larger than that for the previous plateau by an integer. That is, ¢ dips rel-
ative to ¢, by an integer number of complete rotations between plateaus. [By the
arrowheads in Fig. 2.3(a2) we have considered a plateau to exist if it is at least as
wide as T,/2 = 2n/(w; — ws), i.e, haf the period of the sow wave] Refering
to Fig. 2.3(al), we see that the graph of A¢,/(27) versus ¢/(2m) = t/T appears
to consist of intervals of approximate linear decrease (with superposed fluctuations)
at aslope —(w; — wy)/ws Separated by glitches. The intervals of time correspond-
ing to apparent linear decrease of A¢,/(27) coincide with the plateaus of A¢s/(27),
while the glitchesin A¢, /(27) coincide with the time intervals between the plateaus
of A¢y/(2m). Alternatively, one may consider these glitches to be narrow plateaus
of A¢y/(2m). A close examination of Fig. 2.3(al) aso shows that the average val-

ues of A¢,/(2m) corresponding to these narrow plateaus differ by integers. ¢ slips

12
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Figure 2.4: (8) Ao/ (27) versus A, /(2m). The staircase-like structure indicates that
there are alternating time intervalsin which ¢ islocked to either ¢, or to ¢,. (b) Detail

of Figure 4(a).

relative to ¢, by an integer number of complete rotations between plateaus. Thusin
the competition between ¢; and ¢, to entrain ¢, there are intervals when ¢; wins and
intervalswhen ¢, wins, but, overall, ¢, isastronger entrainer that ¢,. Thisisalsoindi-
cated in Figs. 2.3(al) and 2.3(a2) by the fact that, in the same timeinterval, A¢; goes
through more that 30 rotations, while A ¢, only goes through 9. [The relative entrain-
ing strengths of ¢, and ¢, depend on the locations of T and 75 within the tongue in
Fig. 2.1(a).] Figure 2.4(a) graphs A ¢, versus Ag,. The staircase-like structure shows
that when A ¢, varies, A ¢, isaproximately constant and vice versa; the approximately

horizontal portions of the graph correspond to plateaus of A¢, and the approximately

13



vertical portions correspond to plateaus of A¢,. This supportsthe picture whereby we
can think of the chaotic oscillator as making transitions between two states of locking
with the phases ¢, , of the competing signals.

Figures 2.3(b1) and 2.3(b2) show histogram approximations of the probability dis-
tributions of AP, = A¢,/(27) modulo 1 and, respectively, Ad, = Agy/(27) mod-
ulo 1 [16]. The purpose of these figures is to demostrate that statistically significant
correlations between ¢ and ¢, » can be found. That is, each of the phases ¢, and ¢-
weakly synchronize the chaotic attractor. [In the absence of any coupling between ¢
and ¢, » these graphswould be flat, P(A®,5) = 1.]

Figures 2.3(cl) and 2.3(c2) show stroboscopic surfaces of section at the peri-
ods T and, respectively, T,. For each point on a long trgjectory we plot » versus
[¢ modulo4r]/w; o — t. This gives a picture of the density of the strobed points on
the attractor. Both Figs. 2.3(cl) and 2.3(c2) show alternating regions of high and low
density of points. (One should imagine an infinite periodic chain of such regionsfrom
which we only plotted two periods.) The high density regions represent regions where
the orbit spendsalong time. Thelow density regionsare regionsthat the orbit traverses
relatively fast. Therefore, the plateaus of Figs. 2.3(al) [respectively, Fig. 2.3(a2)] cor-
respond to regions with high density in Fig. 2.3(cl) [respectively, Fig. 2.3(c2)]. The
times when ¢ slips with respect to ¢, , generate regions of low density. The fact that,
when Fig. 2.3(c1) has a low density region, Fig. 2.3(c2) has a high density region
corresponds to the fact that when ¢ dlips with respect to ¢4, it locks with respect to ¢s.

We now consider the possibility of phase synchronism of our system with the fast
wave phase ¢ = wyt. Using (2.3), we think of s(¢) as a sinusoid entraining at the
period T (the period of the fast wave) slowly modulated at the period T’ (the period

of the slow wave). When the amplitude A of the fast wave becomes smaller than
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Figure 2.5: Particlein sinusoidal potential: (a) at minimum potential, (b) at maximum

potential after the sign change of the potential.

the threshold Ay, set by the synchronization tongue at 7'y [see Fig. 2.1(a)], the chaotic
attractor tends[17] to lose synchronization and slip with respect to the phase of the fast
wave. The synchronization condition \A\ > Ay, impliesthat the attractor tends to lose
synchronization as A drops below A, but tends to synchronize as A decreases through
—Ay,. Let 7 denote the duration of atime interval during which ]A\ < Ay, inaslow
wave period T. If we consider the phase ¢'(t) of thefree running Roessler system (i.e.,
Egs. (2.1)-(2.3) with A = 0), then, during the time 7, the phase difference @' (t) — wyt
isfound to change by less than 7. Thus, during atimeinterval 7, we expect that there
is not sufficient time for A¢; to drift as much as 2r before resynchronizing after | A|
exceeds Ay,. Thus, we anticipate that slipsof A¢ ¢ are solely due to the change in sign
of A. These slipsare expected to be +. In order to see this, we make a crude anal ogy,
and consider a particle in the vicinity of a potential minimum in a sinusoidal potential
[analogous to the fact that the phase ¢(t) isin the vicinity of ¢ ((t)]; see Fig. 2.5(a).

If we now change the sign of the potential, then the particle finds itself at the top of a
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Figure 2.6: (a) Detail of how A¢; switches between slipping down to slipping up with
the entraining modulating slow wave indicated by the grey background. (b) Detail of
how the chaotic attractor switches between locking to ¢, and locking to ¢,. Thetime

axesin (a) and (b) coincide.
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Figure 2.7: (8) A¢y/(2m) versustimet/T}. (b) Histogram approximation of the dis-
tribution function P(A® ), where A® s = [A¢s/(27)], modulo1.

potential hill, and (assuming appropriate friction) will take some time to evolve to one
of the adjacent minimasituated at a phase of the potential that is +m away [Fig. 2.5(b)].
By these considerations, we can expect that the graph of A¢; versustime will display
plateaus of synchronization and slips of = up or down occurring twice every period
of the slow wave. Thisisillustrated in Fig. 2.6(a) which shows how A¢ ; varies with
time for several periods of the slow wave. s(t) is plotted as the grey background for
convenience. To guide the eye, dotted horizontal lines separated by a change of = in
A¢y are drawn through the plateaus.

Fig. 2.6(b) displays A¢;(t) and Ags(t) in the same range of timeasin Fig. 2.6(a).
Comparison of Figs. 2.6(a) and 2.6(b) reveals that time intervals of locking with the
phase of the fast wave ¢ with 7 slips down correspond with the time of locking with
the phase ¢, while time intervals of locking with the phase of the fast wave ¢ ; with
7 dlips up correspond with the time of locking with the phase ¢,. We also remark that
when A¢; has aplateau, Ag, o, drifts slowly at the rate w; — wy » With superimposed

fluctuations. During the time when A¢; slips down, Ag, may stay locked. For ex-
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ample, see Fig. 2.6(b) which shows A¢,/(27) to bein aplateau for ¢ /7 < 1100. In
this range, the graph of Ag,/(27) versust/T'; has aroughly sawtooth-like structure,
with an upward drift with slope (wy — w,)/w; during the plateaus of A¢; and rapid
decrease between the plateaus of Agy.

Fig. 2.7(a) shows A¢; over amuch longer time scale than is plotted in Fig. 2.6(a).
Refering to Fig. 2.4(a) and noting that [A ¢, /(27) + Age/(2m)]/2 = A¢s/(27) and
[A¢1/(2m) — Ao/ (2m)] /2 =t/ T, itisseen that an /4 rotation and a change of scale
converts Fig. 2.4(a) to Fig. 2.7(a). In these coordinates [Fig. 2.4(a)], the jJumps along
the horizontal and vertical axis are integers. A close inspection of Fig. 2.4(a) reveas
that the plateaus of A¢,/(27) plotted versus A¢, /(27) arenot entirely flat. They have
a rough saw-tooth structure in which saw-tooth segments of slope —1 correspond to
the times of locking of ¢ with ¢ ; (such locking implies A¢; + A¢, ~ constant). This
isindicated by the blow-up, Fig. 2.4(b), where dashed lines of slope -1 going through
the plateaus of locking with ¢, are shown. These lines are separated by 1/2, corre-
sponding to the £x dlipsin Fig. 2.6(a). Fig. 2.7(b) shows a histogram approximation
of the probability distribution of A®; = A¢,/(27) modulo 1 demonstrating that the
phase of the attractor ¢ weakly synchronizes with ¢ ;. The probability distribution of
AdinFig. 2.7(b) hastwo maxima0.5 apart because A¢ ; undergoes £7 jumps. This
isin contrast with the probability distributions for A¢; 5 which have only one maxi-

mum, corresponding to the fact that A ¢, » undergo F27 jumps, respectively.

2.3.2 Other Cases

Case(ii) Inthiscase, (A;, 1)) isoutsidethe single sinusoid synchronization tongue,

while (A,, T3) and (A, Ty) are inside. Histogram approximations to the distributions

18



P(A®,)
P(AD,)
P(ADy)

Figure 2.8: Resultsfor case (iii). (a,b,c) Histogram approximations of the distribution
functions P(A®; 5 ¢), where A®; 5 ¢ = [A¢y9.¢/(27)] modulo1.

P(A®,), P(AD,), and P(A®y) (figuresnot included) all differ significantly from the
flat distribution and look very similar with those for case (i) in Figs. 2.3(bl), 2.3(b2),
and 2.7(b), respectively. Thus, some degree of synchronization of the chaotic system
with all phases ¢4, ¢2, and ¢, is manifest. In addition, plots of Agq, Ay, and Agy
versus time (not included) look very similar to those in Figs. 2.3(al), 2.3(a2), and
2.7(a). However, in comparison with case (i), there is significantly enhanced tendency
for synchronization with phase ¢, as opposed to ¢,. The plateaus of A¢, are longer
(in average) and the plateaus of A¢, are shorter than in the case (i). A¢r/(27) still
shows plateaus of synchronization but mostly slips up corresponding with the fact that
amost al the time ¢, synchronizes the orbit. At times, A¢/(27) also shows slips

down, corresponding to the little bit of time the orbit spends synchronized with ¢ ;.

Case (iii) Inthiscase, (A; = Ay = A, TY) liesinside the single sinusoid synchro-
nization tongue, while (A, 7}) and (A4, Ty) are outside. Figure 2.8 shows histogram
approximations to the distributions P(A®,) [Fig. 2.8(a)], P(A®,) [Fig. 2.8(b)], and
P(ADy) [Fig. 2.8(c)]. We see that P(A®,) and P(AD,) are nearly flat, indicating
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Figure 2.9: Results for case (iv). (8) A¢,/(27) and A¢y/(2m) versus time t/T.

(b,c,d) Histogram approximations of the distribution functions P(A®,, ¢), where

ACI)LQJ = [AQZSLQJ/(Q?T)] modulo1.
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Figure 2.10: Resultsfor case (v). (ab,c) Histogram approximations of the distribution
functions P(A®, 5 ¢), where A®; 5 f = [A¢y 2 ¢/(2m)] modulo1.

very small, or negligible synchronization with phases ¢, and ¢,. In contrast, P(Ady)
shows two significant peaks separated by 0.5 in A® ;. Thisis similar to the plot of
P(A®y) for case (i) shown in Fig. 2.7(b). In addition, plots of A¢, and A¢p, ver-
sus time (not included) show nearly steady linear drift, while a plot of A¢; versus
time (also not included) evidences periods of locking similar to Fig. 2.7(a) for case (i).
Thus, for case (iii), we conclude that there is negligible synchronization of the system

with the phases ¢, and ¢,, but that there is significant synchronization with ¢ ;.

Case(iv) Thiscasehasonly (A,, T3) insidethe synchronizationtongue, while (A4, 7})
and (A,Tf) are outside. Figures 2.9(b), 2.9(c), and 2.9(a), respectively, show his-
togram approximations to the distributions P(A®,), P(A®,), and P(Ads). We
remark that P(A®,) and P(AP,) are amost flat, indicating little synchronization
of the chaotic system with phases ¢, and ¢;. On the other hand, P(A®,) shows a
big peak, suggesting synchronization with phase ¢,. Accordingly, the graphs of A,
[Fig. 2.9(a)] and A¢ versustime (not included) show nearly steady linear drift, while

the graph of A ¢, [Fig. 2.9(a)] versustime showsvery long plateaus of sychronization,
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indicative of strong phase synchronism (see Sec. 1). These results can be understood
by noting that, by construction, case (iv) has (A,, T») inside the single sinusoid syn-

chronization tongue, while (A, 71) and (A, T;) are outside.

Case (v) In this case we have al (A;,T), (A;,T5) and (A, Ty) outside the sin-
gle sinusoid synchronization tongue. Figure 2.10 shows that histogram approxima
tionsto the distributions P(A®,) [Fig. 2.10(a)], P(A®,) [Fig. 2.10(b)], and P(A®y)
[Fig. 2.10(c)] are dl nearly flat, indicating negligible synchronization with phases ¢4,
¢ and ¢, respectively. Plotsof Ay, Ag,, and A¢ versustime (not included) shown
nearly steady linear drift. These results are not surprising since, in thiscase, (A, 71),

(A;,Ty), and (A, T) are far outside the single sinusoid synchroni zation tongue.

We have also investigated a few cases where A; and A, are unequal. For example,
for the values of 73, T, and A, = 0.06 used in case (i), we did computations for
A; = 0.01 and A, = 0.03. Inthe former case, (A;,T}) isnot in the synchronization
tongue, and the phenomena observed are very similar to that in the case (iv) above. In
the case A; = 0.03 (here (A;, T7) isinside the synchronization tongue) we see results

similar to that in case (i), but with much reduced tendency for locking with phase ¢ ;.

2.4 Further Discussionsand Conclusions

Even though our two frequency signal s(t) is much simpler than entraining signals
typically encountered in experiments [9, 12], we believe that it offers an important
lesson regarding the understanding of synchronization by entrainers with complicated
continuous frequency spectra. Data analysis of numerical and experimental results

[8, 9, 12] shows that one can assign a phase to a signal (for the pupose of detecting
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phase synchronization of chaotic systems) by either bandpass filtering or by the use
of the Hilbert transform. It has been found in experiments that the detection of phase
synchronism can be enhanced by bandpass filtering [9, 12]. If we were to apply a
bandpass filter to our two frequency signal s(t), then, assuming afilter bandwidth less
than (w; —w> ), wewould pick either the sinusoid at w; or the sinusoid at w,, depending
on the center frequency of the bandpass filter. Thus the phase of the filtered signal
would be either ¢, or ¢,. Alternatively, consider the case where we do no filtering and
use the Hilbert transform technique, as advocated in [8], to produce 5(t), the complex

“analytic signal” corresponding to s(¢). Thisyields
5(t) = Ay exp(iwt) + Ag exp(iwat).

The associated “Hilbert phase’, ¢4, is:

Im[5(2)]  Aisin(wit) + Ao sin(wt)
Re[5(t)] A cos(wit) + Ay cos(wat)’

For A; = A, thisgivestan ¢ = tan[(wi+ws)t/2], or (¢ modulom) = (¢, modulor)
[18]. Thus by filtering we obtain ¢; or ¢,, while by not filtering and using the Hilbert
phase we obtain ¢y modulo 7 (for A; = A,). Which procedure is best? The answer to
this question depends on circumstances. For example, inour cases (i), (ii) and (iv) syn-
chronism with ¢,(¢) is strong and clearly manifest; if a continuous spectrum had such
a case, filtering might be thought to clean up the phase and make phase synchronism
more apparent (as indeed has been found in some experiments [9, 12]). If, however,
the situation is more like that of case (iii), where the only detectable synchronism is
with ¢, then narrow bandpass filtering (which yields ¢, or ¢,) would not reveal any
synchronism, while applying the Hilbert transform to the unfiltered signal would re-

veal synchronism.
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In conclusion, we have investigated the situation in which two sinusoidal signals
compete to phase synchronize a chaotic oscillator. We find and illustrate several pos-

sible outcomes of this situation:

1. Phase synchronism can be descerned to be present to some degree for both sinu-

soides as well as for the mean phase of the sinusoides, ¢ ¢ [cases (i) and (ii)].
2. Phase synchronism can be descernable only for the mean phase [case(iii)].

3. Phase synchronism is descernable only for one of the sinusoids [case(iv)].
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Chapter 3

Saddle-Node Bifurcationson a Fractal Basin Boundary
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3.1 Prediminaries

It iscommon for dynamical systemsto have two or more coexisting attractors. In pre-
dicting the long-term behavior of a such a system, it isimportant to determine sets of
initial conditions of orbits that approach each attractor (i.e., the basins of attraction).
The boundaries of such sets are often fractal ([19], Chapter 5 of [20], and references
therein). Thefine-scale fractal structure of such aboundary impliesincreased sensitiv-
ity to errorsin theinitial conditions. Even a considerable decrease in the uncertainty of
initial conditions may yield only arelatively small decrease in the probability of mak-
ing an error in determining in which basin such an initial condition belongs[19, 20].
For discussion of fractal basin boundariesin experiments, see Chapter 14 of [21].
Thompson and Soliman [22] showed that another source of uncertainty induced
by fractal basin boundaries may arise in situations in which there is slow (adiabatic)
variation of the system. For example, consider a fixed point attractor of a map (a
node). As a system parameter varies slowly, an orbit initially placed on the node
attractor moves with time, closely following the location of the solution for the fixed
point in the absence of the temporal parameter variation. As the parameter varies, the
node attractor may suffer a saddle-node bifurcation. For definiteness, say that the node
attractor exists for values of the parameter . in the range i1 < 1., and that the saddle-
node bifurcation of the node occurs a 11 = .. Now assume that, for a parameter
interval [uur, pugr| With i, < p. < g, inaddition to the node, there are aso two other
attractors A and B, and that the common boundary of the basin of attractor A, attractor
B and the node isafractal basin boundary. We are interested in the typical case where,
before the bifurcation, the saddle lies on the fractal basin boundary, and thus, at the
bifurcation, the merged saddle-node orbit is on the basin boundary. In such a case an

arbitrarily small ball about the saddle-node at ;1 = ., contains pieces of the basins
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of both A and B. Thus, as ;1 lowly increases through ., it is unclear whether the
orbit following the node will go to A or to B after the node attractor is destroyed by
the bifurcation. In practice, noise or round-off error may lead the orbit to go to one
attractor or the other, and the result can often depend very sensitively on the specific
value of the slow rate at which the system parameter varies.

We note that the study of orbits swept through an indeterminate saddle-node bifur-
cation belongs to the theory of dynamical bifurcations. Many authors have analyzed
orbits swept through other bifurcations, like the period doubling bifurcation [23], the
pitchfork bifurcation [24, 25], and the transcritical bifurcation [25]. In all these stud-
ies of the bifurcations listed above, the local structure before and after the bifurcation
includes stable invariant manifolds varying smoothly with the bifurcation parameter
(i.e., astable fixed point that exists before or after the bifurcation, and whose location
varies smoothly with the bifurcation parameter). This particular feature of the local
bifurcation structure, not shared by the saddle-node bifurcation, allowsfor well-posed,
locally defined, problems of dynamical bifurcations. The static saddle-node bifurca-
tion has received much attention in theory and experiments [26, 27, 28], but so far, no
dynamical bifurcation problems have been defined for the saddle-node bifurcation. In
this study, we demonstrate that, in certain common situations, global structure (i.e.,
an invariant Cantor set or a fractal basin boundary) adds to the local properties of the
saddle-node bifurcation and allowsfor well-posed problems of dynamical bifurcations.

Situations where a saddle-node bifurcation occurs on a fractal basin boundary
have been studied in two dimensional Poincaré maps of damped forced oscillators
[22, 29, 30]. Several examples of such systems are known [22, 30], and it seems that
this is a common occurence in dynamical systems. In this chapter, we first focus on

saddle-node bifurcations that occur for one parameter families of smooth one dimen-
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sional maps having multiple critical points (a critical point is a point at which the
derivative of the map vanishes). Since one dimensional dynamicsis simpler than two
dimensional dynamics, indeterminate bifurcations can be more simply studied, without
the distraction of extra mathematical structure. Taking advantage of this, we are able
to efficiently investigate several scaling properties of these bifurcations. In particular,
we investigate the scaling of (1) the fractal basin boundary of the static (i.e., unswept)
system near the saddle-node bifurcation (Secs. 3.2.2 and 3.2.3), (2) the dependence of
the orbit final destination on the sweeping rate (Sec. 3.2.4), (3) the dependence of the
timeit takes for an attractor to capture the swept orbit following the bifurcation on the
sweeping rate (Sec. 3.2.5), and (4) the dependence of the final attractor capture prob-
ability on the noise level (Sec. 3.2.6). Following our one-dimensional investigations,
we explain that these results apply to two dimensional systems. We show, through
numerical experiments on the periodically forced Duffing oscillator, that the scalings
we have found also apply to higher dimensional systems (Sec. 3.3).

For one-dimensional maps, a situation dynamically similar to that in which thereis
indeterminacy in which attractor captures the orbit can also occur in cases where there
are two rather than three (or more) attractors (Sec. 3.4). In particular, we can have the
situation where one attractor persists for all values of the parameters we consider, and
the other attractor is a node which is destroyed via a saddle-node bifurcation on the
basin boundary separating the basins of the two attractors. In such a situation, an orbit
starting on the node, and swept through the saddle-node bifurcation, will go to the
remaining attractor. It is possible to distinguish different ways that the orbit initialy
on the node approaches the remaining attractor. We find that the way in which this

attractor is approached can be indeterminate.
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Figure 3.1: Construction of the function f,(x) starting with (&) the third iterate of
the logistic map, g(x) = rz(1 — x), with » = 3.832, and adding a perturbation (b)

psin(3rx) (u = 5.4 x 1073).
3.2 Indeterminacy in Which Attractor |s Approached

We consider the general situation of aone dimensional real map f,(x) depending on a
parameter ;.. We assume the following: (1) the map istwice differentiable with respect
to z, and once differentiable with respect to . (the derivatives are continuous); (2) f,
has at |east two attractors sharing a fractal basin boundary for parameter valuesin the
vicinity of y,; and (3) an attracting fixed point x.. of the map f,(x) is destroyed by a
saddle-node bifurcation as the parameter 1 increases through a critical value ., and
this saddle-node bifurcation occurs on the common boundary of the basins of the two
attractors.

We first recall the saddle-node bifurcation theorem (see for example [26]). If the

map f,(z) satisfies: (a) f,.. (z.) = z., (0) Ze=(2,) = 1, (0) LLe=(2,) > 0, and (d)
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Figure 3.2: (a) Basin structure of the map f,, versus the parameter 1. on the horizontal
axis(0 < u < 54x103and 0 < x < 1). The attractor having the blue basin is
destroyed at ;1 ~ 2.79 x 10~3. (b) Detail of the region shown as the white rectanglein
Fig. 3.2(a), 2.75 x 1073 < 1 < 3.55 x 1073 and 0.145 < x < 0.163.

g_;{(“'*; ) > 0, then the map f,, undergoes a backward saddle-node bifurcation (i.e.,
the node attractor is destroyed at x, as i increases through p.). If the inequality in
either (c) or (d) isreversed, then the map undergoes a forward saddle-node bifurcation,
while, if both these inequalities are reversed, the bifurcation remains backward. A
saddle-node bifurcation in a one dimensional map is also called a tangent or a fold

bifurcation.

3.21 Model

As an illustration of an indeterminate saddle-node bifurcation in a one-dimensional
map, we construct an example in the following way. We consider the logistic map for

a parameter value where there is a stable period three orbit. We denote this map ¢(z)
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and its third iterate ¢! (). The map ¢®l(x) has three stable fixed points. We perturb
the map ¢!/(z) by adding a function (which depends on a parameter 1) that will cause
a saddle-node bifurcation of one of the attracting fixed points but not of the other two

[see Figs. 3.1(a) and 3.1(b)]. We investigate
fu(@) = ¥ (x) + psin(3rz), where g(z) = 3.832z(1 — z). (3.1

Numerical calculations show that the function f,(z) satisfies all the conditions of
the saddle-node bifurcation theorem for having a backward saddle-node bifurcation
at z, ~ 0.15970 and p, =~ 0.00279. Figure 3.2(a) displays how the basins of the three
attracting fixed points of the map f,, change with variation of 1. For i = 0 the third
iterate of the logistic map is unperturbed, and it has three attracting fixed points whose
basins we color-coded with blue, green and red. For every value of p, the red region
R[] isthe set of initial conditions attracted to the rightmost stable fixed point which
we denote R,,. The green region G[u| is the set of initial conditions attracted to the
middle stable fixed point which we denote G,. Theblueregion B[] isthe set of initial
conditions attracted to the leftmost stable fixed point which we denote B,,.

For 1 < u., each of these colored sets has infinitely many disjoint intervals and a
fractal boundary. As p increases, the leftmost stable fixed point B, is destroyed viaa
saddle-node bifurcation on the fractal basin boundary. In fact, in this case, for ;1 < .,
every boundary point of one basin is a boundary point for al three basins. (That is,
an arbitrarily small xz-interval centered about any point on the boundary of any one
of the basins contains pieces of the other two basins.) The basins are so-called Wada
basins[31]. This phenomenon of a saddle-node bifurcation on the fractal boundary of
Wada basins also occurs for the damped forced oscillators studied in Refs. [29, 30].
Alternatively, if we look at the saddle-node bifurcation as ;1 decreases through the
value 1., then the basin B|u] of the newly created stable fixed point immediately has
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Figure 3.3: Fractal dimension of the basin boundary versus ;.. Notice the continuous
variation for 4 < p, and the discontinuous jump at 1., the parameter value at which

the saddle-node bifurcation on the fractal basin boundary takes place.

infinitely many digoint intervalsand its boundary displaysfractal structure. According
to the terminology of Robert et al. [32], we may consider this bifurcation an example

of an ‘explosion’.

3.2.2 Dimension of the Fractal Basin Boundary

Figure 3.3 graphs the computed dimension D of the fractal basin boundary versus the
parameter . For u < u., we observe that D appears to be a continuous function of
1. Park et al. [33] argue that the fractal dimension of the basin boundary near .., for
i< i, SCAlES as

D() & Di — k(e — p)'?, (3.2)

with D, the dimension a 1 = i, (D, islessthan the dimension of the phase space),

and k apositive constant. Figure 3.3 showsthat the boundary dimension D experiences
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adiscontinuousjump at the saddle-node bifurcation when i, = 1,.. We believe that this
is due to the fact that the basin B[u] suddenly disappearsfor 11 > ..

The existence of afractal basin boundary has important practical consequences. In
particular, for the purpose of determining which attractor eventually captures a given
orbit, the arbitrarily fine-scaled structure of fractal basin boundaries implies consid-
erable sengitivity to small errorsin initial conditions. If we assume that initial points
cannot be located more precisely than some ¢ > 0, then we cannot determine which
basin a point isin, if it iswithin e of the basin boundary. Such points are called e-
uncertain. The Lebesgue measure of the set of e-uncertain points (in a bounded region
of interest) scales like e~ where D, is the dimension of the phase space (D, = 1
for one dimensional maps) and D is the box-counting dimension of the basin bound-
ary [19]. For the case of a fractal basin boundary (D, — D) < 1. When Dy — D
is small, alarge decrease in ¢ results in arelatively small decreasein e?°~P. Thisis
discussed in Ref. [19] which defines the uncertainty dimension, D,,, as follows. Say
we randomly pick an initial condition = with uniform probability density in a state-
space region S. Then we randomly pick another initial condition y in S, such that
ly — x| < €. Let p(e, S) bethe probability that = and y are in different basins. [We can
think of p(e, S) asthe probability that an error will be made in determing the basin of
an initial condition if the initial condition has uncertainty of size e.] The uncertainty
dimension of the basin boundary D, is defined as the limit of Inp(e, S)/In(e) as e
goes to zero [19]. Thus, the probability of error scalesas p(e, S) ~ ePo=P= where for
fractal basin boundaries D, — D, < 1. Thisindicates enhanced sensitivity to small
uncertainty ininitial conditions. For example, if D, — D,, = 0.2, then adecrease of the
initial condition uncertainty ¢ by afactor of 10 leads to only a relative small decrease

inthefinal state uncertainty p(e, S), since p decreases by afactor of about 10%2 ~ 1.6.
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Thus, in practical terms, it may be essentially impossible to significantly reduce the
final state uncertainty. In Ref. [19] it was conjectured that the box-counting dimension
equals the uncertainty dimension for basin boundaries in typical dynamical systems.
In Ref. [35] it is proven that the box-counting dimension, the uncertainty dimension
and the Hausdorff dimension are al equal for the basin boundaries of one and two
dimensional systemsthat are uniformly hyperbolic on their basin boundary.

We now explain some aspects of the character of the dependence of D on 1 (see
Fig. 3.3). From Refs. [36] it follows that the box-counting dimension and the Haus-
dorff dimension coincide for al intervals of 1 for which the map £, is hyperbolic on
the basin boundary, and that the dimension depends continuously on the parameter 1
in these intervals. For 1 > 1., there are many parameter values for which the map has
a saddle-node bifurcation of a periodic orbit on the fractal basin boundary. At such
parameter values, which we refer to as saddle-node bifurcation parameter values, the
dimension is expected to be discontinuous (as it is at the saddle-node bifurcation of
the fixed point, 1 = ., see Fig. 3.3). In fact, there exist sequences of saddle-node
bifurcation parameter values converging to u, [34]. Furthermore, for each parameter
value u > u, for which the map undergoes a saddle-node bifurcation, there exists
a sequence of saddle-node bifurcation parameter values converging to that parameter
value. The basins of attraction of the periodic orbits created by saddle-node bifurca-
tions of high period exist only for very small intervals of the parameter ;.. We did not
encounter them numerically by iterating initial conditions for a discrete set of values

of the parameter 11, as we did for the basin of our fixed point attractor.
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Figure 3.4: (a) Detail of Figure 3.2(b), with the horizontal axis changed from . to
(= pu) Y2 f0r o> 11,5275 1073 < 1 < 3.55 x 1073 and 0.145 < = < 0.163 The
green stripes from Fig. 3.2(b) are colored black and the red stripes are colored white.
The approximate position of the point x, where the saddle-node bifurcation takes place
isshown. x. indicates the nearest critical point. (b) Detail of Fig. 3.3, displaying how
the box dimension D of the fractal basin boundary varies with 1/(u, — p)*/2. The

horizontal axis of Figs. 3.4(a) and 3.4(b) are identical.
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3.2.3 Scaling of the Fractal Basin Boundary

Just past 1., the remaining green and red basins display an alternating stripe struc-
ture [see Fig. 3.2(b)]. The red and green stripes are interlaced in a fractal structure.
As we approach the bifurcation point, the interlacing becomes finer and finer scaled,
with the scale approaching zero as .. approaches u,.. Similar fine scaled structure is
present in the neighborhood of all preiterates of z.. If one changes the horizontal axis
of Figs. 3.2(a,b) from p to (pu — u,)~'/2, then, the complex alternating stripe struc-
ture appears asymptotically periodic [see Fig. 3.4(a)]. [Thus, with identical horizontal
scale, the dimension plot in Fig. 3.4(b) appears asymptotically periodic, aswell.] We
now explain why thisis so. We restrict our discussion to a small neighborhood of ..

Consider the second order expansion of f,, inthe vicinity of z, and .
fa(@) = i+ & +az®,  where N (3.3)

and a ~ 89.4315. The trajectories of fﬂ in the neighborhood of z = 0, for /i close to
zero, are good approximationsto trajectories of f,, in the neighborhood of = = z., for
i closeto p,.. Assumethat we start with acertain initial condition for fu Zo = T4, and
we ask the following question: What are all the positive values of the parameter /1 such
that atrajectory passesthrough afixed position z ; > 0 at someiterate n? For any given
xy whichisnot on the fractal basin boundary, there existsarange of ;. such that iterates
of z; under f,, evolve to the same final attractor, for all values of p in that range. In
particular, once a2 appreciably exceeds i, the subseguent evolution is approximately
independent of .. Thus, we can choose z ; >> \//T/a, but still small enough so that it
liesin the region of validity of the canonical form (3.3). There exists a range of such
&y values satisfying these requirements provided that || is small enough.

Since consecutive iterates of f,l in the neighborhood of z = 0 for /i close to zero
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Figure 3.5: Qualitative graphs of the solution of Eq. (3.8), fir 1/2 (%0), for three consec-

utive values of n. Note the horizontal asymptotes[i~'/? = (n — 1)a'/?m, na'/?x, and
(n+ 1)a'/?7], the vertical asymptotes [z, = (a(n —1))7", (an)™", and (a(n +1))71],
both shown as dashed lines, and the intersections of the solid curveswith 2, = 0 which

are marked with black dots.

differ only dlightly, we approximate the one dimensional map,
Fpar = faln) = o+ &0 + ad?, (3.4)

by the differential equation [27],

0
£ = [i+ ai?, (3.5)

where in (3.5) n is considered as a continuous, rather than a discrete, variable. Inte-

grating (3.5) from 2, to 2 yields

ny/ afl = arctan (\/gif) — arctan (\/§£5> . (3.6)
fi fi

Close to the saddle-node bifurcation (i.e., 0 < i < 1, and z, ; close to zero), fﬂ isa

good approximation to f,,. For |z, |/ (a/ft) > 1 EQ. (3.6) becomes

ny/aj ~ . (3.7)
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The values of fi,,"/? satisfying Eq. (3.7) increase with n in step of \/a/x. For our
example we have a ~ 89.4315, thus \/a/m =~ 3.010. Counting many periods like
thosein Fig. 3.4 intheregion of x.., the closest critical point to =, [see Fig. 3.4(8)], we
find that the period of the stripe structure is 3.015, which is in good agreement with
our theoretical value.

In order to investigate the structure of the fractal basin boundary in the vicinity of
the saddle-node bifurcation (i.e., =, close to z, = 0), we consider (3.6) in the case

where we demand only |z |/ (a/f1) > 1. Thus, Eq. (3.6) becomes

ny/afl ~ T _ arctan (\/E:%s) . (3.8)
2 f
—1/2

Let 1, '“(2,) denote the solution of Eq. (3.8) for /1. Equation (3.8) implies the behav-
ior of /1, "/%(2,) asfunction of 2, and n as sketched in Fig. 3.5. For afixed n, i, />
has a horizontal asymptote at thevaluen./a/r ast, — —oo, and avertical asymptote
to infinity at 2, = 1/(an). For 2, < 0, we have an infinite number of values of the
parameter i, for which an orbit of fﬂ starting at =, passes through the same position
s, after some number of iterations. For z, = 0 (i.e., z, = z.), wealso have aninfinite
number of /i, /*(0), but with constant step 2,/a/ rather than \/a /7 (see the intersec-
tions marked with black dots in the Fig. 3.5). Thisis hard to verify from numerics,
since % (0) = a*?(2n/7)? increases with n2, and the stripes become very tilted in
the neighborhood of 7, = z, = 0. [See Fig. 3.4(a), where the approximate positions
~—1/2

of x. and x, on the vertical axis are indicated.] For z, > 0, 1, '~ hasonly alimited

number of values with n,., < 1/(ay).
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Figure 3.6: (a) Final attracting state of swept orbits versus 6. We have chosen 1, =
fis + e = 0, and py = 4.5 x 1073, The attractor R, is represented by 1 and

the attractor GG, is represented by 0. (b) Detail of Fig. 3.6(b) with the horizontal

nrf
scale changed from du to 1/5u. The structure of white and black bands becomes
asymptotically periodic. (c) Final state of orbits for the system f,l versus 1/5u. The
final state of an orbit is defined to be O if there existsn such that 100 < z,, < 250, and
is defined to be 1, otherwise. We have chosen i, = —pu., SO that Figs. 3.6(b,c) have

the same asympitotic periodicity.
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3.24 Sweeping Through an Indeterminate Saddle-Node Bifurca-
tion

In order to understand the consequences of a saddle-node bifurcation on afractal basin
boundary for systems experiencing slow drift, we imagine the following experiment.
We start with the dynamical system f,, at parameter i, < p., with z, on the attractor
to be destroyed at 1« = 1, by a saddle-node bifurcation (i.e., B,). Then, as we iterate,

we slowly change i, by a small constant amount 6. per iterate, thusincreasing i from

Hs to 19%5 > [y,

Tny1 = fun (Tn), (3.9

P = fis +1n0W.

When 1o > py we stop sweeping the parameter 1, and, by iterating further, we de-
termine to which of the remaining attractors of f,, the orbit goes. Numerically, we
observe that, if (11; — u.) isnot too small, then, by the time 1. ¢ is reached, the orbit
is close to the attractor of f,. to which it goes. [From our subsequent analysis, ‘not
too small |u, ;s — p.|” translates to choices of §u that satisfy (070)%/° << |pa.f — ]
We repeat this for different values of 4, and we graph the final attractor position for
the orbit versus 6. [see Fig. 3.6(a)]. For convenience in the graphical representation
of Figs. 3.6(a,b), we have represented the attractor of the green region G|, denoted
G

asaO0, and the attractor of the red region R[u], denoted R, ., asal. In Fig. 3.6(a)

ppo ppo

we use of 25,000 points having the vertical coordinate either O or 1, which we con-
nect with straight lines. In an interval of 6 for which the system reaches the same
final attractor (either O or 1), the lines connecting the points are horizontal. Such inter-
vals appear as white bands in Fig. 3.6, if they are wider than the width of the plotted

lines connecting O's and 1's. For example, in Fig. 3.6(a), the white band centered at
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dp = 0.8 x 1072 has at the bottom a thick horizontal line, which indicates that for the
whole of that interval, the orbit reaches the attractor G, which we represented by 0.
Adjacent intervals of width less than the plotted lines appear as black bands. Within
such black bands, an uncertainty in du of size equal to the width of the plotted line
makes the attractor that the orbit goes to indeterminate. Figure 3.6(a) shows that the
widths of the white bands decrease as . decreases, such that, for small éu, we see
only black.

If (1 — p.) islarge enough (i.e., (6u)*? < |us — p.|), numerics and our sub-
sequent analysis show that Fig. 3.6 is independent of 1. ;. Thisfact can be understood
as follows. Once ;1 = iy, the orbit typically lands in the green or the red basin of
attraction and goes to the corresponding attractor. Due to sweeping, it is possible for
the orbit to switch from being in one basin of attraction of the time-independent map
f,. tothe other, since the basin boundary between G[1:] and R[u] changeswith 1. How-
ever, the sweeping of p isslow (i.e., du issmall), and, once (u — p.) islarge enough,
the orbit is far enough from the fractal basin boundary, and the fractal basin boundary
changes too little to switch the orbit between G|u] and R[u.

We also find numerically that Figs. 3.6(a,b) are independent of theinitial condition
xg, provided that it is in the blue basin B[], sufficiently far from the fractal basin
boundary, and that |z, — .| isnot too small (i.e., (51)%3 < |ps — 1)

If one changesthe horizontal scale of Fig. 3.6(a) from oy to 1/ [see Fig. 3.6(b)],
the complex band structure appears asymptotically periodic. Furthermore, we find
that the period in (1/6u) of the structure in Fig. 3.6(b) asymptotically approaches
—1/(ps — px) @ o becomes small.

In order to explain this result, we again consider the map fu the local approx-

imation of f, in the region of the saddle-node bifurcation. Equations (3.9) can be
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approximated by

Tnir = fan(@n) = fin + & + ai?, (3.10)

A

fi, = fis+nop.

We perform the following numerical experiment. We consider orbits of our approxi-
mate two dimensional map given by Eq. (3.10) starting at #, = —/—/i;/a. We define
afina state function of an orbit swept with parameter .. in the following way. 1tisO
if the orbit has at least one iterate in a specified fixed interval far from the saddle-node
bifurcation, and is 1, otherwise. In particular, we take the final state of a swept orbit to
be O if there exists n such that 100 < z,, < 250, and to be 1 otherwise. Figure 3.6(c)
graphs the corresponding numerical results. Similar to Fig. 3.6(b), we observe peri-
odic behavior in 1/6y with period —1//i,. In contrast to Fig. 3.6(b) where the white
band structure seems fractal, the structure within each period in Fig. 3.6(c) consists of
only one interval where the final state is 0 and one interval where the final stateis 1.
Thisis because 100 < & < 250 isasingle interval, while the green basin [denoted O
in Fig. 3.6(b)] has an infinite number of digoint intervals and a fractal boundary (see

Fig. 3.2).

With the similarity between Figs. 3.6(b) and 3.6(c) as a guide, we are now in a
position to give a theoretical analysis explaining the observed periodicity in 1/6u. In
particular, we now know that this can be explained using the canonical map (3.10),
and that the periodicity result is thus universal [i.e., independent of the details of our
particular example, Eq. (3.1)]. For slow sweeping (i.e., o small), consecutive iterates

of (3.10) in the vicinity of 2 = 0 and 4 = 0 differ only slightly, and we further

42



approximate the system by the following Ricatti differential equation,

o
ﬁ — Dy + ndp + ad®. (3.11)

The solution of Eq. (3.11) can be expressed in terms of the Airy functions A: and Bi

and their derivatives, denoted by Ai’ and B7/,

. .y 1/
_ nAI(€) + Bi(S) <5u) y (3.12)

T =K 1 Bi©) \a

where

__.1/3 IELS + n(slu
f(n) - a 5/12/3 )

(3.13)
and 7 is a constant to be determined from the initial condition. We are only interested
in the case of slow sweeping, o < 1, and #(0) = &, = —+/—fi;/a (which is
the stable fixed point of fﬂ destroyed by the saddle-node bifurcation at /1 = 0). In
particular, we will consider the case where i, < 0 and || > 6u?/3 (i.e., [£(0)] > 1).
Using #(0) = —+/—/fis/a to solve for n yields  ~ O[¢(0)e*(©] > 1. For positive
large values of £(n) (i.e, for n small enough), using the corresponding asymptotic

expansions of the Airy functions [37], the lowest order in §, approximation to (3.12)

i(n) ~ — /_@, (314)

with the correction term of higher order in 6., being negative. Thus, for n sufficiently

is

smaller than — i /6 11, the swept orbit lags closely behind the fixed point for fﬂ with /i

constant. For ¢ < 0, we usethe fact that » islarge to approximate (3.12) as

p 1/3
i(n) ~ 18 (%‘) | (3.15)
Note that
9] 1/3 1/3
(i /O1) ~ ‘X((g)) (i_g‘) — (—0.7290..) (i—‘;) (3.16)
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gives the lag of the swept orbit relative to the fixed point attractor evaluated at the
saddle-node bifurcation. Equation (3.15) does not apply for n > n,.x, Where n,,.
is the value of n for which &(nmayx) = &, the largest root of Ai(€) = 0 (i.e, £ =
—2.3381...). At n = nu., the norma form approximation predicts that the orbit
diverges to +oo. Thus, for n near n,.., the normal form approximation of the dy-
namical system ceases to be valid. Note, however, that (3.15) can be valid even for
&(n) close to &(nmax). Thisis possible because dp is small. In particular, we can
consider times up to the time n’ where n’ is determined by ¢ = £(n/) = € + 0¢,
(0¢ > 0 issmall,) provided |Z(n’)| < 1 so that the normal form applies. That is, we
require [Ad'(&')/Ai(€)](6p/a?)"/3 < 1, which can be satisfied even if [Ad'(¢')/Ai(£"))]
is large. Furthermore, we will take the small quantity 6¢ to be not too small (i.e.,
66/ (adp)'? > 1), so that (nmax — n') > 1. We then consider (3.15) in the range,
—(f1s/0pn) < n < n', wherethe norma formisstill valid.

We use Eq. (3.15) for answering the following question: What are all the val-
ues of the parameter ou (0 small) for which an orbit passes exactly through the
same position ; > 0, at some iterate n,;? All such orbits would further evolve to
the same final attractor, independent of §u, provided aaf:?c > fis +ngdp; e, Ty is
large enough that /i = /i, + ny dp0 does not much influence the orbit after = reaches
zy. [Denote £(ny) as &(ny) = &;] Using (3.15) we can estimate when this oc-
ours, ai% = [Ai'(€7)/Ai() (0% /)1 > (s + np dpn) OF [AV'(E) JAI(EP > €.
This inequality is satisfied when ¢ gets near ¢, which is the largest zero of Ai (i.e.,
&= € + 6¢, where 5¢ isasmall positive quantity). We now rewrite Eq. (3.15) in the

following way

L (3.17)
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Figure 3.7: Numerical resultsfor theinverse of the limit periodin1/6. versus ius. The
fitlineis[A (1/0p)]~' = —0.9986. + 0.0028 and indicates good agreement with the

theoretical explanation presented in text.

representing a transcedental equation in 6. where /i, and 2 are fixed, n; is alarge
positive integer (i.e., ny — 1 is the integer part of (i — ji5)/6p), and K(C) is the
inverse function of Ai’'(¢)/Ai(¢) inthe neighborhood of ¢ = (a?/0u)Y/ &y > 1. Thus
K[(a%/6p)3 27)| S |K(00)| = [€]. Thedifference [L/du(xs, ny+1)—1/8u(xs,ny)],
where 6 (z ¢, ny) isthe solution of Eq. (3.17), yields the limit period of the attracting
state versus 1/ graph (see Fig. 3.6). We denote this limit period by A (1/6p). For
small §y, the term involving K'[(a?/6p)*/3 2] in Eq. (3.17) can be neglected, and
we get A (1/0p) = —pi;" = (—ps + p)~". Figure 3.7 graphs numerical results
of [A(1/6u)]~" versus u, for our map example given by Eq. (3.9). The fit line is
[A(1/6p)]7t = —0.9986., + 0.0028, which agrees well with the prediction of the
above anaysis and our numerical value for y at the bifurcation, u, ~ 0.00279.

An aternate point of view on this scaling property is as follows. For i < 0

(i.e, p < p,) and slow sweeping (i.e., 6 small), the orbit closely follows the sta-
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Figure 3.8: Graphs of fﬂ(ﬁc) at different values of the parameter i. The black dots

indicate the stable fixed points of f,l for different values of /.

ble fixed point attractor of fu until 2 > 0, and the saddle-node bifurcation takes
place. However, due to the discreteness of n, the first nonnegative value of /i de-
pends on i, and du (see Fig. 3.8). Now consider two values of ., one ., satisfy-
ing fis + m oy, = 0, and another &, 1 satisfying jis + (m + 1) 6pte1 = 0. Be-
cause d i, and o, 1 are very close (for large m) and both lead /i(n) to pass through
i = i, = 0 (one at timen = m, and the other at timen = m + 1), it is reasonable
to assume that their orbits for /i, /6 < n < n’ are similar (except for a time shift

n — n + 1); i.e., they go to the same attractor. Thus, the period of 1/ is approxi-

mately A (1/5lu) = 1/5:um+1 - 1/5Mm - _ﬂgl'
We now consider the intervals of 1/, between the centers of consecutive wide

white bands in Fig. 3.6(b). Figure 3.9 graphs the calculated fractal dimension D’ of

the boundary between white bands in these consecutive intervals versus their center
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Figure 3.9: The calculated fractal dimension D’ of the structure in the intervals be-
tween the centers of consecutive wide white bands in Fig. 3.6(b) versus their center

valueof 1/dp.

value of 1/0u. From Fig. 3.9, we see that as 1/6. increases, the graph of the fractal
dimension D’ does not converge to adefinite value, but displaysfurther structure. Nev-
ertheless, numerics show that as 1/du becomes large (i.e., in the range of 6.5 x 10°),
D' varies around the value 0.952. This is consistent with the numerics presented in
Fig. 3.4(b) which graphs the dimension of the fractal basin boundary for the time-
independent map f,, at fixed values of the parameter ;. where 1o > 11,.. Thus, for large
1/éu, D' provides an estimate of the dimension of the fractal basin boundary in the

absence of sweeping at ;1 > fis.

We now discuss a possible experimental application of our analysis. The concep-
tually most straightforward method of measuring afractal basin boundary would be to
repeat many experiments each with precisely chosen initial conditions. By determin-
ing thefinal attractor corresponding to each initial condition, basins of attraction could

conceivably be mapped out [21]. However, it is commonly the case that accurate con-
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trol of initial conditionsis not feasible for experiments. Thus, the application of this
direct method islimited, and, as a consequence, fractal basin boundaries have received
little experimental study, in spite of their fundamental importance. If a saddle-node bi-
furcation occurs on the fractal basin boundary, an experiment can be arranged to take
advantage of this. In this case, the purpose of the experiment would be to measure the
dimension D’ as an estimate of the fractal dimension of the basin boundary D. The
measurements would determine the final attractor of orbits starting at the attractor to
be destroyed by the saddle-node bifurcation, and swept through the saddle-node bifur-
cation at different velocities (i.e., the experimental data corresponding to the numerics
in Fig. 3.6). Thisdoes not require precise control of theinitia conditions of the orbits.
It issufficient for the initial condition to be in the basin of the attractor to be destroyed
by the saddle-node bifurcation; after enough time, the orbit will be as close to the
attractor as the noise level allows. Then, the orbit may be swept through the saddle-
node bifurcation. The final states of the orbits are attractors; in their final states, orbits
are robust to noise and to measurement perturbations. The only parameters which re-
quire rigorous control are the sweeping velocity (i.e., du) and the initial value of the
parameter to be swept (i.e., 1 ); precise knowledge of the parameter value where the
saddle-node bifurcation takes place (i.e., 1) is not needed. [It isalso required that the

noise level be sufficiently low (see Sec. 3.2.6).]

3.25 CaptureTime

A question of interest is how much time it takes for a swept orbit to reach the fina
attracting state. Namely, we ask how many iterations with 1 > p.,. are needed for the
orbit to reach a neighborhood of the attractor having the green basin. Due to slow

sweeping, the location of the attractor changes slightly on every iterate. If =, isafixed
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capture time

Figure 3.10: Capture time by the fixed point attractor G, versus 1/6u. We have
chosen u, = 0. The range of 1/5u is approximatelly one period of the graph in
Fig. 3.6(b), with 61, ~ 108, The vertical axis ranges between 250 and 650. No points

are plotted for values of 5, for which the orbit reaches the fixed point attractor i, .

point attractor of f, (with p constant), then a small change d.. in the parameter 4,

yields a change in the position of the fixed point attractor,

B & (s )
(Tpsop — x,) = 0 = 0p —
- %(l’u)

We consider the swept orbit to have reached its final attractor if consecutive iterates
differ by about o« (which is proportional to 6.:). For numerical purposes, we consider
that the orbit has reached its final state if |z,,+1 — x,| < 100u. In our numerical ex-
periments, this condition is satisfied by every orbit before . reaches itsfinal value .
We refer to the number of iterations with . > ., needed to reach the final state as
the capture time of the corresponding orbit. Figure 3.10 plots the capture time by the
atractor GG, [having the green basin in Fig. 3.2] versus 1/6 for arange correspond-

ing to one period of the structure in Fig. 3.6(b). No points are plotted for values of
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Figure 3.11: Capture time by the middle fixed point attractor of f,, versusp (is = 0).
The best fitting line (not shown) has slope -0.31, in agreement with the theory.

o for which the orbit reaches the attractor 12,,,. The capture time graph has fractal
features, since for many values of d the orbit gets close to the fractal boundary be-
tween R[u| and Gu|. Using the fact that the final destination of the orbit versus1/du
isasymptotically periodic [see Fig. 3.6(b)], we can provide a further description of the
capture time graph. We consider the series of the largest intervals of 1/6y for which
the orbit reaches the attractor G, [see Fig. 3.6(b); we refer to the wide white band
around 1/6u = 2400 and the similar ones which are (asymptotically) separated by an
integer number of periods]. Orbits swept with §u. at the centers of these intervals spend
only a small number of iterations close to the common fractal boundary of R|[u] and
G|p]. Thus, the capture time of such similar orbits does not depend on the structure of
the fractal basin boundary. We use Eq. (3.15) as an approximate description of these
orbits. A swept orbit reaches its final attracting state as z(n) becomes large. Then,
the orbit is rapidly trapped in the neighborhood of one of the swept attractors of f,,.

Thus, we equate the argument of the Airy function in the denominator to its first root
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[see (3.15)], solvefor n, and substract — i /d . (the timefor /i to reach the bifurcation

value). Thisyields the following approximate formulafor the capture time
ne & [€(adp) P, (3.18)

where ¢ = —2.3381... is the largest root of the Airy function A:. Thus, we predict
that for small §u., alog-log plot of the capture time of the selected orbits versus jp is
astraight line with slope -1/3. Figure 3.11 shows the corresponding numerical results.

The best fitting line (not shown) has slope-0.31, in agreement with our prediction [38].

3.2.6 Sweeping Through an Indeterminate Saddle-Node Bifurca-

tion in the Presence of Noise

We now consider the addition of noise. Thus, we change our swept dynamical system

to

Tpy1 = fun(20) + Aep, (3.19)

Hn = M5+n5M7

where ¢, is random with uniform probability density in the interval [—1, 1], and A
is a parameter which we call the noise amplitude. See Fig. 3.6(a) which shows the
numerical results of the final destination of the orbitsversus . inthecase A = 0. The
graph exhibits fractal features of structure at arbitrarily small scales. The addition of
small noise is expected to alter this structure, switching the final destination of orbits.
In this case, it is appropriate to study the probability of orbits reaching one of the
final destinations. For every A, we compute the final attractor of a large number of
orbits having identical initial condition and parameters, but with different realizations

of the noise. We estimate the probability that an orbit reaches a certain attractor by
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Figure 3.12: Probability that one orbit reaches the middle fixed point attractor of f,
versus the noise amplitude A, for five different values of 6, (107°, 1075 £ 2.5 x 1078

and 107> £ 5 x 10~%). We have chosen 1, = 0.

the fraction of such orbits that have reached the specified attractor in our numerical
simulation. Figure 3.12 graphs the probability that an orbit reaches the attractor G,
versus the noise amplitude A. We present five graphs corresponding to five different
values of §u equally spaced in arange of 10-7 centered at 107> (i.e., ou = 1075,
1075 +£2.5 x 107%and 107° & 5 x 10~® ). We notice that the probability graphs have
different shapes, but a common horizontal asymptote in the limit of large noise. The
value of the horizontal asymptote, approximately equal to 0.5, isrelated to the relative
measure of the corresponding basin.

As in the previous subsection, we take advantage of the asymptotically periodic
structure of the noiseless final destination graph versus 1/0u [see Fig. 3.6(b)]. We
consider centers of the largest intervals of 1/6u for which an orbit reaches the middie

attractor in the absence of noise. We chose five such values of §u, spread over two

decades, where the ratio of consecutive values is approximately 3. Figure 3.13(a)
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Figure 3.13: Probability that an orbit reaches the middle fixed point attractor of f,, for
five selected values of §u spread over two decades: (a) versus the noise amplitude A,

and (b) versus A/(6;4)>/%, We have chosen yi, = 0.

graphs the probability that an orbit reaches the middle fixed point attractor versus the
noise amplitude A, for the five selected values of §u.. From right to left, the o values
corresponding to the curves are approximately: 3.445974 x 107°, 1.147767 x 107°,
3.820744 x 1079,1.273160 x 107% and 4.243522 x 10~". We notice that all the curves
have qualitatively similar shape. For arange from zero to small A, the probability is 1,
and as A increases, the probability decreases to a horizontal asymptote. The rightmost
curve in the family corresponds to the largest value of du (Op ~ 3.445974 x 107°),
and the leftmost curve corresponds to the smallest value of du (0 ~ 4.243522 x
10~7). Figure 3.13(b) shows the same family of curves as in Fig. 3.13(a), but with
the horizontal scale changed from A to A/(6y.)%/. All data collapse to asingle curve,
indicating that the probability that aswept orbit reaches the attractor ¢, depends only
on the reduced variable A/(5;.)°/%. Later, we provide a theoretical argument for this
scaling.

In order to gain some understanding of thisresult, we follow theidea of Sec. 3.2.4,
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Figure 3.14: Probability that an orbit of fﬂ reaches afixed interval far from the saddle-
node bifurcation (i.e., [100, 250]), for five values of jp spread over two decades. ()

versus the noise amplitude A, and (b) versus A/(;:)°/5. We have chosen 1, = 0.

and usethe canonical form fﬂ to propose asimplified setup of our problem. We modify
(3.10) by the addition of a noise term Ae,, in the right hand side of the first equation
of (3.10). We are interested in the probability that a swept orbit has at least oneiterate,
Zn, In a specified fixed interval far from the vicinity of the saddle-node bifurcation.
More precisely, we analyze how this probability changes versus A and .. Depending
on the choice of interval and the choice of ¢4, the probability versus A graph (not
shown) has various shapes. For numerical purposes, we choose our fixed interval to
be the same as that of Sec. 3.2.4, 100 < z < 250. We then select values of Ju for
which a noiseless swept orbit, starting at 2, = —+/—/is/a, reaches exactly the center
of our fixed interval. The inverse of these values of 6., are centers of intervals where
the final state of the swept orbitsis O [see Fig. 3.6(c)]. We consider five such values
of o, where the ratio of consecutive values is approximately 3. Figure 3.14(a) shows
the probability that a swept orbit has an iterate in our fixed interval versus the noise

amplitudefor the selected values of 6. From right to left, the § . values corresponding



to the curves are approximately: 3.451540x 10~°, 1.149162x10~°, 3.829769x 109,
1.276061x 10~% and 4.253018x 10~7. Figure 3.14(a) shares the qualitative character-
isticsof Fig. 3.13(a), with the only noticeable difference that the val ue of the horizontal
asymptote is now approximately 0.1. Figure 3.14(b) shows the same family of curves
asin Fig. 3.14(a), where the horizontal scale has been changed from A to A/(6u)%/S.

Asfor Fig. 3.12(b), this achieves good collapse of the family of curves.

We now present a theoretical argument for why the probability of reaching an at-
tractor depends on 6, and A only through the scaled variable A/(6,.)%/¢ when 6 and
A are small. From our results in Figs. 3.14, we know that the scaling we wish to
demonstrate should be obtainable by use of the canonical form fu Accordingly, we

again use the differential equation approximation (3.11), but with a noise term added,

5
d_x =ndu+ ai® + Aé(n), (3.20)
n

where é(n) iswhite noise,
(€(n)) =0, (é(n+n")é(n)) = é(n'),

and we have redefined the origin of the time variable n so that the parameter /i sweeps
through zero at n = 0 (i.e., we replaced n by n — |ji,|/0p). Because we are only
concerned with scaling, and not with the exact solution of (3.20), afairly crudeanalysis
will be sufficient.

First we consider the solution of (3.20) with the noise term omitted, and theinitial

condition [see (3.16)]
1/3

2(0) = (—0.7290...) (dpe/a®)

We define a characteristic point of the orbit, &, (n,), where ai? ~ ny du. Forn <
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Ny, nop < dz/dn < 2n du, and we can approximate the noiseless orbit as
2(n) =~ 2(0) + a(n)(n*du), (3.22)

where a(n) isaslowly varying function of n of order 1 (1/2 < a(n) < 1forn < ny).

Setting az? ~ n du, we find that n,, is given by

o ~ (adp)™?, (3.22)
corresponding to [c.f., EQ. (3.21)]

By ~ (Opu/a)3.

For n > ny (i.e, #(n) > Z.), EQ. (3.20) can be approximated as di/dn =~ ai?.
Starting at #(n) ~ Z,, integration of this equation leads to explosive growth of & to
infinity in a time of order (a 6/1)*1/3, which is of the same order as n,;. Thus, the
relevant time scaleis (a dp) ~/3 [this agrees with Eq. (3.18) in Sec. 3.2.5].

Now consider the action of noise. For n < n,, we neglect the nonlinear term
ai?, so that (3.20) becomes di/dn = ndu + Aé(n). The solution of this equation
is the linear superposition of the solutions of dz,/dn = ndéu and di,/dn = Aé(n),
or i(n) = &.(n) + &y(n); Z.(n) isgivenby z,(n) = 2(0) + n?du/2, and i(n) isa
random walk. Thus, for n < n,,, thereis diffusive spreading of the probability density

of z,
Agir(n) =/ (#3(n)) ~ n'/2A. (3.23)

This diffusive spreading can blur out the structure in Fig. 3.6. How large does the
noise amplitude A have to be to do this? We can estimate A by noting that the periodic

structure in Figs. 3.6(b,c) results from orbits that take different integer times to reach
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T ~ . Thus, for n =~ n, wedefineascale A, in z corresponding to the periodicity

in1/6u by [cf., EQ. (3.21)]
B £ Ay~ 2(0) + (ng £ 1)%6p
which yields
Ap ~ npdp. (3.24)

If by thetime n =~ n,, the diffusive spread of the probability density of z becomes as
largeas A, then the noise starts to wash out the periodic variationswith 1/ ... Setting
Agir(nn) from (3.23) to be of the order of A, from (3.24), we obtain n'/* A ~ n,ép,
which with (3.22) yields

A~ (6)%S, (3.25)

Thus, we expect a collapse of the two parameter (A, 6u) datain Fig. 3.14(a) by means

of arescaling of A by 6, raised to an exponent 5/6 [i.e., A/(5p)%/°].

3.3 Scaling of Indeter minate Saddle-NodeBifurcations
for a Periodically Forced Second Order Ordinary
Differential Equation

In this section we demonstrate the scaling properties of sweeping through an indeter-
minate saddle-node bifurcation in the case of the periodically forced Duffing oscillator

[30],

#—0.15% —x +2° = pcost. (3.26)
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Figure 3.15: Final attracting state of swept orbits of the Duffing oscilator versus 1/0 .
The structure of white and black bands becomes asymptotically periodic. We have
chosen s = 0.253, and pp = 0.22. The attractor in the potential well for x > 0 is
represented as a 1, and the attractor in the potential well for x < 0 is represented as a

0.

The unforced Duffing system (i.e., u = 0) is an example of an oscillator in a double
well potential. It has two coexisting fixed point attractors corresponding to the two
minima of the potential energy. For small y, the forced Duffing oscillator has two
attracting periodic orbits with the period of the forcing (i.e., 27), one in each well of
the potential. At = p. ~ 0.2446, a new attracting periodic orbit of period 67 arises
through a saddle-node bifurcation. In Ref. [39], it is argued numerically that for a
certain range of . > ., the basin of attraction of the 67 periodic orbit and the basins
of attraction of the 27 periodic orbits have the Wada property. Thus, as . decreases
through the critical value ., the period 67 attractor is destroyed via a saddle-node
bifurcation on the fractal boundary of the basins of the other two attractors. Thisis
an example of an indeterminate saddle-node bifurcation of the Duffing system which
we study by considering the two-dimensional map in the (&, z) plane resulting from a
Poincaré section at constant phase of the forcing signal. We consider orbits startingin
the vicinity of the period three fixed point attractor, and, as we integrate the Duffing

system, we decrease . from p; > g, to py < p. @ asmal rate of o per one pe-
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Figure 3.16: Probability the Duffing oscillator reaches the attracting periodic orbit in
the potential well at = > 0 for three values of §u spread over one decades: (a) versus

the noise amplitude A, and (b) versus A/(5)%/°. We have chosen i, = 0.253.

riod of the forcing signal. As . approaches .., (with x4 > p.,,) the period three fixed
point attractor of the unswept Duffing system approaches its basin boundary, and the
slowly swept orbit closely follows its location. For p — p,. < 0 small, the orbit will
approximately follow the one-dimensiona unstable manifold of the 1 = u, period
three saddle-node pair. Thus, we can describe the sweeping through the indeterminate
bifurcation of the Duffing oscillator by the theory we developed for one dimensional
discrete maps. Figure 3.15 shows the final destination graph of a swept orbit initially
situated in the vicinity of the period three fixed point of the Poincaré map. The final
attracting stateisrepresented asa 1 if situated in the potential well wherex > 0, andis
represented asa 0O if situated in the potential well where x < 0. Asexpected, the struc-
ture in Fig. 3.15 appears asymptotically periodic if graphed versus 1/0u. In addition
to slowly sweeping the Duffing system, consider an additive noise term A ¢(¢) in the
right hand side of (3.26), where on every time step €(t) is chosen randomly in [—1, 1],

and the time step used is At = 27/500. Figure 3.16(a) shows the dependence of the
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probability of approaching the attractor represented as a 1 versus the noise amplitude
A for three specialy selected values of §u (centers of white bands in the structure of
Fig. 3.15 where the swept orbit reaches the attracting state represented by 1) spread
over one decade. From right to left, the § values corresponding to the curves are ap-
proximately: 4.628716x10~°, 1.461574x10~5 and 4.621737x10~5. Figure 3.16(b)
shows collapse of the data in Fig. 3.16(a) to a single curve when the noise ampli-
tude A isrescaled by (64)°/%, as predicted by our previous one-dimensiona analysis
(Sec. 3.2.6). Thus, we believe that the scaling properties of the indeterminate saddle-
node bifurcation we found in one-dimensional discrete maps are aso shared by higher

dimensional flows.

3.4 Indeterminacy in How an Attractor is Approached

In this section we consider the case of aone dimensional map f,, having two attractors
A and B, one of which (i.e., A) existsfor all 11 € [p, 11f]. Theother (i.e., B) isanode
which is destroyed by a saddle-node bifurcation on the boundary between the basins
of A and B, as p increases through . (1. € [ps, £44]). When an orbit isinitially on B,
and y is slowly increased through .., the orbit will always go to A (which isthe only
attractor for . > u,). However, it is possible to distinguish between two (or more)
different ways of approaching A. [In particular, we are interested in ways of approach
that can be distinguished in a coordinate-free (i.e., invariant) manner.] Aswe show in
this section, the way in which A is approached can be indeterminate. In this case, the
indeterminacy is connected with the existence of an invariant nonattracting Cantor set

embedded in the basin of A for p1 > p..
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Figure 3.17: (a) Graph of f,(x) versusx at the bifurcation parameter. (b) Basin struc-
ture of map f,(x) versus the parameter ;1 (—0.3 < p < 0.3 and -2 < z < 2). The
basin of attraction of the stable fixed point created by the saddle-node bifurcation is

black while the basin of attraction of minusinfinity isleft white.
Asanillustration, we construct the following model
fu(z) = —p+x—32* — ' + 3.62° — 2% (3.27)

Calculations show that f,, satisfies all the requirements of the saddle-node bifurcation
theorem for undergoing a backward saddle-node bifurcation a =, = 0 and p, = 0.
Figure 3.17(a) shows the graph of f,, versus x at i« = p... Figure 3.17(b) shows how
the basin structure of the map f, varies with the parameter ;.. For positive values
of u, f, has only one attractor which is at minus infinity. The basin of this attractor
is the whole real axis. As u decreases through ., = 0, a new fixed point attractor
iscreated a x, = 0. The basin of attraction of this fixed point has infinitely many
digoint intervals displaying fractal features [indicated in black in Fig. 3.17(b)]. This

is similar to the blue basin B[] of the attractor B,, of the previous one-dimensional
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Figure 3.18: (a) Basin structure of f,, versus pu (—0.3 < p < 03 and -2 < z < 2).
We split the basin of attraction of minus infinity into two components, one plotted
as the green region and the other plotted as the red region. The green region is the
collection of all pointsthat go to minusinfinity and have at least one iterate bigger that
the unstable fixed point ¢,,. The red set is the region of al the other points that go to
minus infinity. (b) Detail of Fig. 3.15(a) in the region shown as the white rectangle,
—0.005 < p < 0.015and —0.09 < z < 0.41.

model (see Sec. 3.2.1).

The blue region in Fig. 3.18(a) is the basin of attraction of the stable fixed point
destroyed as ;. increases through 4. For every value of ;¢ we consider, the map f,
has invariant Cantor sets. The trgjectories of points which are located on an invariant
Cantor set, do not diverge to infinity. One way to display such Cantor sets, is to
select uniquely defined intervals whose end points are on the Cantor set. For example,
Fig. 3.18(a) shows green and red regions. For every fixed parameter value p, the

collection of points that are boundary points of the red and green regions, constitutes
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Figure 3.19: The chaotic saddle of f, versus 1 (0.3 < p < 03 and -2 < z < 2)
generated by the PIM-triple method.

an invariant Cantor set. In order to describe these green and red regions, we introduce
the following notations. For each parameter value 1, let p,, be the leftmost fixed point
of f, [seeFig. 3.17(a)]. For every z, < p,,, the sequence of iterates {z,, = fﬁ”} (x0)}is
decreasing and diverges to minusinfinity. For each value of 1, let ¢, be the fixed point
of f, totheright of z = 0 at which %i;(qu) > 1. A point (z; 1) is colored green if its
trajectory divergesto minusinfinity and it passesthrough theinterval (¢,,, oo), anditis
colored red if itstrajectory diverges to minusinfinity and it does not pass through the
interval (¢, co). Denote the collection of points (z; ) that are colored green by G/[y],
and the collection of points (z; i) that are colored red by R[u]. Using the methods
and techniques of [40], it can be shown that the collection of points (z; ) which are
common boundary pointsof G[u] and R[] isaCantor set C|[u] [41]. In particular, the
results of [40] imply that for u = p. = 0 the point z, = 0 belongs to the invariant
Cantor set C'[j1.].

Figure 3.18(b) is a zoom of Fig. 3.18(a) in the region of the saddle-node bifurca-

63



Figure 3.20: The chaotic saddle of the map f,, in the vicinity of the saddle-node bi-
furcation with the horizontal axis rescaled from p to: (@) (u. — u)~/2. Notice that
the chaotic saddle becomes asymptotically periodic (—0.008 < x < 0.337, 10 <
(e — p) ™2 < 15). (B) (ptas — )~ Y2, where p,. = 0.23495384. We believe that
L+« COrresponds to the approximate value of the parameter 1 where a saddle-node bi-
furcation of a periodic orbit of f, takes place on the Cantor set C'[11]. In this case, the
chaotic saddle also becomes asymptotically periodic (—0.162 < = < 0.168, 9.97 <
(pae — p1)~% < 2010).



tion. For values of i > p., inthevicinity of (z.; 1), one notices a fractal aternation
of red and green stripes. The green and red stripe structure in Fig. 3.18(b) shares qual-
itative properties with the structure in Fig. 3.2(b). All the analysisin Sec. 3.2 can be
adapted straightfowardly to fit this situation.

Figure 3.19 shows how the chaotic saddle of the map f,, varieswith ;.. The chaotic
saddle is generated numerically using the PIM-triple method. For an explanation of
this method see Nusse and Yorke [42]. Using arguments similar to those in Sec. 3.2.3,
we predict that changing the horizontal axis of Fig. 3.19 from . to (1 — ) ~'/? makes
the chaotic saddle asymptotically periodic. Numerical results confirming this are pre-
sented in Fig. 3.20(a). For f, given by (3.27), we were able to find a parameter
value .. = 0.23495384 where changing the horizontal axis of Fig. 3.19 from u to
(1 — pes)~'/? [se€ Fig. 3.20(b)] apparently makes the chaotic saddle asymptotically
periodic [with a different period than that of Fig. 3.20(a)]. As in the case discussed
in Sec. 3.2, past the saddle-node bifurcation of f, at 1., infinitely many other saddle-
node bifurcations of periodic orbits take place on the invariant Cantor set C'[u]. We
believe that 1., IS an approximate value of p where such a saddle-node of a periodic

orbit takes place.

3.5 Discussion and Conclusions

In this chapter, we have investigated scaling properties of saddle-node bifurcationsthat
occur on fractal basin boundaries. Such situations are known to be indeterminate in
the sense that it is difficult to predict the eventual fate of an orbit that tracks the pre-
bifurcation node attractor as the system parameter is swept through the bifurcation.

We have first analyzed the case of one-dimensional discrete maps. Using the normal
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form of the saddle-node bifurcation and general properties of fractal basin boundaries,

we established the following universal (i.e., model independent) scaling results

e scaling of the fractal basin boundary of the static (i.e., unswept) system near the

saddle-node bifurcation,

¢ the scaling dependence of the orbit’s final destination with the inverse of the

sweeping rate,

¢ the dependence of the time it takes for an attractor to capture a swept orbit with

the -1/3 power of the sweeping rate,

e scaling of the effect of noise on the final attractor capture probability with the

5/6 power of the sweeping rate.

All these results were demonstrated numerically for a one-dimensional map example.
Following our one-dimensional investigations, we have explained and demonstrated
numerically that these new results al so apply to two-dimensional maps. Our numerical
example was a two-dimensional map that results from a Poincaré section of the forced
Duffing oscillator. In the last section of this chapter, we have discussed how the new
results listed above apply to the case where a saddle-node bifurcation occurs on an
invariant Cantor set which is embedded in abasin of attraction, and we have supported

our discussion by numerics.
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